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ABSTRACT 


The  object  of  this  research  is  the  development  of  systematic  meth¬ 
ods  for  the  analysis  of  networks  which  contain  piecewise -linear  (PWL) 
elements.  Many  physical  devices  have  nonlinear  characteristics  that  can 
be  closely  approximated  by  PWL  characteristics.  In  order  to  facilitate 
the  systematic  analysis  of  networks  that  contain  such  devices^  "PWL 
operators"  have  been  introduced  to  represent  the  characteristic  curves 
of  PWL  elements. 

Rules  for  addition,  subtraction,  multiplication,  inversion,  and 
other  operations  with  FWL  operators  have  been  formulated,  and  the  alge¬ 
braic  properties  of  these  operations  have  been  studied.  Addition  of  PWL 
operators  is  associative  and  commutative,  and  multiplication  is  associa¬ 
tive  but  not  commutative.  Methods  for  solving  PWL-operator  equations 
have  also  been  investigated. 

The  input  and  transfer  characteristics  of  resistive  PWL  ladder  net¬ 
works  can  easily  be  calculated  in  terms  of  PWL  operators.  A  general 
procedure  has  been  formulated  for  analysis  of  any  network  that  contains 
an  arbitrary  configuration  of  linear  resistors  and  two  PWL  resistors. 
Analysis  of  resistive  PWL  networks  with  three  PWL  resistors  leads  to  an 
equation  of  the  form 

A(X  +  I)  =  BX  +  C 

where  A,  B,  and  C  are  known  PWL  operators,  I  is  the  identity  operator, 
and  X  is  an  unknown  PWL  operator.  Because  the  distributive  law  for  PWL 
operators  does  not  hold  from  the  left,  this  equation  cannot  be  solved 
in  terms  of  the  basic  algebraic  operations;  therefore,  a  new  operation 
called  "trivolution"  has  been  defined  to  solve  this  equation. 

PWL  operators  are  useful  in  the  analysis  of  electronic  circuits. 

For  large -signal  operation,  the  characteristics  of  diodes,  vacu\jm  tubes, 
transistors,  and  other  electronic  devices  can  be  approximated  by  PWL 
characteristics  and  described  in  terms  of  PWL  operators.  PWL  input  and 
transfer  characteristics  of  electronic  circuits  can  be  determined  by 
this  method. 
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To  describe  the  behavior  of  PWL  networks  which  contain  energy  stor¬ 
age  elements,  PWL  differential  equations  can  be  formulated  in  terms  of 
PWL  operators.  For  PWL  R-C,  R-L,  and  L-C  network  problems,  solutions  to 
these  differential  equations  can  be  e^qjressed  in  terms  of  PWL  operators. 
For  example,  the  voltage  across  a  parallel  combination  of  a  PWL  resistor 
and  a  PWL  capacitor  can  be  ejqiressed  as  a  PWL  operator  operating  on  an 
exponential  with  a  PWL  e^^onent.  Further  development  of  methods  for 
solving  PWL  differential  equations  is  needed. 

The  use  of  PWL  operators  provides  a  convenient  way  of  solving  PWL 
network  problems  on  a  digital  computer.  Programs  have  been  written  for 
the  Burroughs  220  Computer  for  carrying  out  algebraic  operations  with 
PWL  operators  and  for  solving  PWL-operator  equations.  Iterative  methods 
have  been  developed  for  computer  solution  of  higher -order  PWL  equations 
and  sets  of  simultaneous  PWL  equations  that  cannot  be  solved  directly  in 
terms  of  the  basic  algebraic  operations. 

Since  any  nonlinear  element  can  generally  be  approximated  by  a  PWL 
characteristic  within  any  desired  degree  of  accuracy,  it  is  hoped  that 
the  PWL  operator  method  which  has  been  developed  will  have  fairly  wide 
application  to  the  approximate  analysis  of  nonlinear  networks. 
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I.  INTRODUCTION 

The  object  of  this  research  has  been  to  develop  systematic  methods 

for  the  anedysis  of  networks  that  contain  piecewise -linear  elements.  A 

* 

general  method  has  been  developed  for  analysis  of  resistive  FWL  networks, 
and  special  cases  of  FWL  networks  containing  reactive  elements  have  been 
solved.  One  reason  for  studying  PWL-network  theory  is  that  many  electron¬ 
ic  devices  such  as  diodes,  transistors,  and  vacuum  tubes  have  character¬ 
istics  which  can  be  closely  approximated  by  PWL  curves.  Furthermore, 
almost  any  nonlinear  characteristic  can  be  approximated  to  any  desired 
degree  of  accuracy  by  a  suitably  chosen  FWL  characteristic.  Although  PML 
networks  are  more  difficult  to  analyze  than  linear  networks,  they  are 
easier  to  analyze  than  more  general  nonlinear  networks.  For  this  reason, 
PWL-network  theory  is  useful  for  the  approximate  emalysis  of  nonlinear 
networks.  The  study  of  PWL  networks  is  a  compromise  between  siudying 
linear  networks,  which  have  already  been  extensively  studied,  and  non¬ 
linear  networks,  which  are  very  difficult  to  suaalyze. 

In  general,  it  is  possible  to  analyze  a  PWL  network  on  a  section -by - 
section  basis.  This  method  reduces  the  solution  to  a  series  of  linear 
problems,  each  of  which  csui  be  solved  by  standard  linear-circvdt  tech¬ 
niques.  After  solution  of  each  linear  problem,  one  must  determine  which 
FWL  element  will  next  change  to  a  new  section  of  its  PWL  characteristic 
and  then  formulate  the  appropriate  boundary  conditions  for  the  next  linear 
problem.  When  the  number  of  PWL  elements  is  large,  or  when  each  PWL  char¬ 
acteristic  curve  has  a  large  number  of  sections,  solution  on  the  section- 
by-section  basis  becomes  very  tedious.  The  need  for  a  more  systematic 
method  for  analysis  of  FWL  networks  is  thus  apparent.  A  systematic  meth¬ 
od  of  analysis  and  a  concise  notation  are  also  needed  in  order  to  utilize 
high-speed  digital  computers  efficiently  for  the  solution  of  PWL  networks. 


* 

PWL  will  be  used  as  an  abbreviation  for  piecewise -linear. 
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A.  PML-NETWORK  MODEIS 


The  use  of  Idealized  models  is  necessax7  in  the  analysis  of  physical 
systems.  Such  models  abstract  the  essential  properties  of  the  physical 
system,  but  at  the  same  time  they  are  simple  enough  to  be  useful  for  pur¬ 
poses  of  analysis.  For  a  given  physical  device,  different  models  ceui  be 
constructed  to  serve  different  purposes.  The  type  of  model  that  is  used 
often  depends  on  the  amplitude  and  frequency  of  the  input  to  the  system. 
For  small-signal  analysis,  a  linear  model  may  be  used;  but  for  different 
regions  of  operation,  different  linear  models  may  be  required.  For  oper¬ 
ation  over  a  large  range  of  inputs,  a  llneeu:  model  is  often  Inadequate 
and  a  nonlinear  or  a  FWL  model  is  needed. 

The  nonlinear  i-v  characteristic  of  a  typical  tunnel  diode  [Ref.  l] 
is  shown  in  Fig.  1.  For  small-signal  operation  about  the  point  v^,  the 
linear  model  of  Fig.  2  may  be  used,  with  -g^  equal  to  the  slope  of  the 
1-v  curve  at  the  operating  point.  For  large-signal  operation,  the  1-v 
characteristic  may  be  approximated  by  a  five -section  IVL  curve  as  shown. 
Either  fewer  or  more  sections  may  be  used  in  the  PWL  approximation,  de¬ 
pending  on  the  accuracy  which  is  needed. 

Circviit  models  for  PWL  devices  can  be  constructed  using  ideal  diodes, 
linear  resistors,  and  sources.  The  ideal  diode,  whose  v-i  characteristic 
is  shown  in  Fig.  3,  has  two  states.  When  i  >  0,  v  =  0  and  the  diode  is 
"on";  when  v  <  0,  i  =  0  and  the  diode  is  "off".  Fig.  4  shows  one  possi¬ 
ble  circuit  model  for  the  PWL  tunnel  diode  characteristic  of  Fig.  1.  In 
this  model,  diode  conducts  for  v  <  v^,  for  v  <  v^,  for  v  >  Vy 
and  Dj^  for  v  >  Vj^. 

B.  METHODS  FOR  ANALYSIS  OF  PWL  NETWORKS 

There  are  two  basic  approaches  to  the  analysis  of  networks  that  con¬ 
tain  resistive  IVL  elements.  In  the  first  approach,  a  circuit  model  com¬ 
posed  of  ideal  diodes,  resistors,  and  sources  is  constructed  for  each  IVL 
element,  and  the  resulting  resistive -diode  network  is  analyzed  by  con¬ 
sidering  the  states  of  the  individual  diodes.  In  the  second  approach, 
the  characteristic  curves  of  the  IVL  elements  are  represented  symboli¬ 
cally,  and  the  analysis  is  carried  out  directly  in  terms  of  this  symbolism. 
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riG.  1.  PWL  APPROXIMATION  TO  TUNNEL 
DIODE  CHARACTERISTIC. 


FIG.  3.  IDEAL  DIODE  CHARACTERISTIC. 
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When  the  latter  approach  is  used^  the  necessity  for  drawing  diode  models 
Is  eliminated;  therefore,  It  Is  unnecessary  to  consider  the  Individual 
diode  states  during  the  process  of  Euaalysls. 

There  are  two  conventlonsLL  methods  for  smalyzlng  resistive  diode  net¬ 
works — the  method  of  assumed  states  and  the  breakpoint  method.  These 
methods  are  discussed  In  detedl  with  meuay  examples  In  Electronic  Olrculd? 
Theory  [Ref.  2].  In  the  method  of  assumed  states,  the  circuit  Is  anedyzed 
using  all  possible  combinations  of  diode  states.  For  each  assumed  set  of 
diode  states,  each  conducting  diode  Is  replaced  with  a  short  circuit,  each 
nonconducting  diode  Is  replaced  with  an  open  circuit,  and  the  circuit  re¬ 
duces  to  a  network  of  linear  resistors  and  sources.  Ihe  v-1  characteris¬ 
tic  of  each  reduced  network  Is  a  straight  line,  and  the  IVL  characteristic 
of  the  original  network  must  consist  of  portions  of  these  lines.  The  ap¬ 
propriate  portions  of  the  lines  can  usually  be  determined  by  considering 
what  happens  In  the  network  as  the  terminal  voltage  or  current  Is  varied. 
If  the  network  contains  n  diodes,  there  are  2^^  possible  combinations  of 
diode  states;  consequently,  the  amount  of  work  reqxilred  for  this  method 
Increases  rapidly  with  the  size  of  the  network.  Furthermore,  much  of 
this  work  may  be  wasted  because  many  of  the  possible  combinations  of  diode 
states  may  never  actually  occur  for  any  Input  voltage. 

The  breakpoint  method  Is  usually  more  efficient  them  the  method  of 
assumed  states.  The  points  at  which  successive  line  segments  of  a  IVL 
curve  meet  are  called  breakpoints.  A  FWL  curve  Is  completely  determined 
by  specifying  the  coordinates  of  Its  breakpoints  and  the  slope  of  both 
end  segments.  Each  bresdtpolnt  on  the  characteristic  curve  of  a  diode  net¬ 
work  corresponds  to  a  change  of  state  of  one  of  the  diodes.  At  the  break¬ 
point  of  a  diode,  the  c.urrent  and  voltage  are  both  zero  for  that  diode. 
This  constraint  determines  the  Input  voltage  suid  current  to  the  network 
at  the  breakpoint  If  the  states  of  the  other  diodes  are  known.  The  break¬ 
points  can  be  determined  successively  by  considering  what  happens  In  the 
network  as  the  terminal  voltage  or  current  is  Increased. 

An  silgebraLic  method  for  analysis  of  simple  diode  networks  was  pre¬ 
sented  by  Schaefer  [Ref.  3]  in  195^.  Stem  [Refs.  4,5]  developed  an  im¬ 
proved  and  more -general  version  of  this  algebraic  method  in  1956.  In 
Stern's  method,  the  characteristics  of  PWL  elements  are  expressed 
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symbolically  in  terms  of  0^  and  0"  transformations  (see  Section  II.  E). 
To  analyze  a  network,  loop  or  node  equations  csin  be  written  in  terms  of 
these  transformations.  By  applying  the  rules  of  stern's  ed.gebra,  these 
equations  can  be  solved  for  the  desired  PWL  characteristic.  Stern's 
method  is  discussed  further  in  Appendix  A  and  in  Section  X.  B.  Dennis 
[Ref.  6]  gives  a  procedure  for  tracing  the  PWL  curve  of  a  resistive  diode 
network.  This  procedure  is  related  to  the  methods  of  quadratic  program¬ 
ming  used  in  operations  research. 

C.  THE  PWL-OPERATOR  METHOD 

The  existing  methods  for  analysis  of  PWL  networks  have  been  briefly 
discussed.  As  an  attempt  to  find  a  more  systematic  method  that  is  suita¬ 
ble  for  use  with  a  digitail  computer,  the  IVL-operator  method  has  been 
developed.  In  Chapter  II,  PWL  operators  are  defined  to  represent  the 
cheiracteristic  curves  of  IVL  elements.  The  basic  silgebrsdc  operations 
are  defined  for  FWL  operators  emd  the  algebraic  properties  of  these  op¬ 
erations  are  studied  in  Chapter  III.  Chapter  IV  introduces  a  new  opera¬ 
tion,  which  solves  a  class  of  PWL-operator  equations  that  cannot  be 
solved  in  terms  of  the  basic  algebraic  operations.  In  Chapter  V,  PWL- 
operator  methods  are  applied  to  determine  input  and  transfer  character¬ 
istics  of  resistive  FWL  networks,  and  in  Chapter  VI,  the  analysis  of  IVL 
two-ports  is  considered.  IVL-operator  methods  are  used  to  walyze  vacuum 
tube  and  transistor  circuits  in  Chapter  VII.  Extension  of  PWL-operator 
methods  to  IVL  networks  that  contain  reactive  elements  is  considered  in 
Chapter  VIII.  Chapter  IX  discusses  computer  programs  for  the  analysis  of 
IVL  networks. 

The  PWL-operator  methods  are  not  intended  to  be  mathematically  rigor¬ 
ous  in  all  cases,  but  rather  are  intended  to  be  practical  methods  of  solv 
ing  problons.  Instead  of  being  concerned  with  rigorous  definitions  and 
proofs  of  theorems,  for  the  most  part,  we  will  deal  with  the  develojanent 
of  the  theory  and  its  practical  application.  Although  eui  attempt  has 
been  made  to  make  the  theory  as  generally  applicable  as  possible,  excep¬ 
tional  "pathological"  examples  occur  where  an  inv8j.id  solution  is  occa¬ 
sionally  obtained.  Since  these  pathological  cases  generally  correspond 
to  non-physically -realizable  situations,  we  are  not  concerned  with  them 
as  engineers,  and  we  will  let  the  mathematicians  worry  about  them. 
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II.  MATHEMATICAL  REPRESENTATION  OP  PNL  CURVES 


The  first  step  In  developing  a  systematic  method  for  euiedysls  of  FWL 
networks  Is  to  determine  a  concise  mathematical  representation  for  FWL 
curves.  After  examination  of  some  of  the  types  of  FWL  curves  that  cem  be 
encountered  In  the  analysis  of  resistive  FWL  networks,  FWL  operators  are 
defined  to  represent  such  curves.  Stern's  notation  for  representing  FWL 
functions  Is  also  discussed. 

A.  CHARACTERISTIC  CURVES  OF  RESISTIVE  FWL  NETWORKS 

A  FWL  curve  consists  of  a  series  of  adjoining  line  segments.  FWL 
curves  can  be  classified  according  to  their  range  of  definition.  They 
can  be  defined  for  (l)  an  Infinite,  (2)  a  semi -Infinite,  or  (3)  a  finite 
range  of  values  of  the  Independent  veurlable.  Furthermore,  two  or  more 
separate  curves  of  these  types  may  be  combined  to  form  a  ccmposlte  char¬ 
acteristic  curve.  Network  models  composed  of  Ideal  diodes,  positive  and 
negative  resistances,  and  Independent  emd  dependent  sources  will  be  used 
to  Illustrate  some  of  the  types  of  PWL  cheuracterlstlc  curves  that. can 
occur. 

The  first  type  of  FWL  curves,  which  are  defined  for  eLLl  values  of 

the  Independent  variable,  occur  most  frec^uently.  Examples  of  networks 

## 

having  this  type  of  v-1  chcuracterlstlc  are  given  in  Figs.  ^  end  6. 

The  ladder  network  of  Fig.  ^  Is  easily  analyzed  by  the  breakpoint  method. 
The  results  of  this  analysis  are  given  in  Figs,  ^b  and  ^c.  The  states  of 
the  Ideal  diodes  cure  Indicated  by  I's  and  O's,  where  "1"  indicates  that 
the  diode  Is  on,  and  "0"  Indicates  that  the  diode  is  off. 


A  negative  resistance,  -R,  is  equivalent  to  a  positive  resistance  in 
parallel  with  a  dependent  current  source  as  shown: 

r^iai 

For  further  discussion  of  negative  resistance,  see  [Ref.  2,  pp.  437 -*+38] • 
All  numerical  values  given  on  Illustrations  will  be  In  ohms,  volts,  euid 
amperes  unless  otherwise  specified. 
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FIG.  S.  LADDER  NETWORK  AND  ITS  V-I  CHARACTERISTIC. 


-  7  - 


The  network  of  Fig.  6a  has  an  1-v  cheiracteristlc  that  Is  single -valued, 
but  the  corresponding  v-1  cheuracterlstlc  Is  multi-valued.  Adding  a  depen¬ 
dent  current  source  of  vedue  v^  and  a  1-ohm  resistor  to  this  network  yields 
the  network  of  Fig.  6c.  The  added  network  brings  about  the  following 
transformation : 

ig  =  1^  -  Vj^  =  fT  (i^cos  45°  -  v^sin  45°) 

Vg  =  1^  +  Vj^  =  (ij^cos  45°  +  v^sin  45°) 

This  transformation  rotates  the  1-v  characteristic  (Fig.  6b)  by  45°  and 
changes  the  scale  by  a  factor  of  yielding  the  new  i-v  characteristic 
(Fig.  6d).  This  new  c\urve  is  multi -VEd\ied  In  both  variables. 

Examples  of  the  second  type  of  FWL  characteristic,  which  Is  defined 
for  a  semi -Infinite  range  of  ved.ues  of  the  Independent  variable,  are  given 
In  Fig.  7*  The  network  of  Fig.  Ja  has  a  v-1  characteristic  (Fig.  7b)  that 
is  defined  only  for  1  >  0.  When  the  diode  is  off,  v  =  -1,  while  when  the 
diode  is  on,  v  =  +1.  To  verify  that  the  chsuracteristic  is  undefined  for 
1  <  0,  let  1  =  -1  .  If  we  assume  that  the  diode  is  on,  v  =  -1  ,  which  im- 
plies  that  the  voltage  across  the  diode  is  negative,  and  the  diode  is  off. 
On  the  other  hand,  if  we  assume  that  the  diode  is  off,  v  =  +1  ,  which  im- 
plies  that  the  voltage  across  the  diode  is  positive  and  the  diode  is  on. 
Since  either  sissumptlon  leads  to  a  contradiction,  we  can  only  conclude 
that  the  characteristic  cvtrve  is  undefined  for  i  <  0.  At  this  point,  one 
may  be  tempted  to  Inquire  what  would  happen  if  we  actually  built  the  net¬ 
work  and  placed  a  negative  current  source  across  its  terminals.  The  dif- 
ficiilty  here  results  from  over-idealization  of  the  network  model.  In 
practice,  it  is  impossible  to  build  a  device  which  has  a  negative- 
resistance  characteristic  over  an  infinite  range  of  voltage  since  such  a 
device  would  have  to  be  capable  of  supplying  Infinite  power.  Eventually, 
for  sufficiently  large  values  of  voltage,  the  negative -resistance  device 
must  have  positive  resistance,  which  implies  that  the  characteristic  of 
Fig.  7b  mvist  eventually  double  back  if  it  is  to  represent  a  physicsLily 
realizable  network. 
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Another  embarrassing  question  one  might  ask  about  the  characteristic 
of  Fig.  7b  Is  which  branch  of  the  curve  would  be  followed  If  the  Input 
current  were  Increased  stsirtlng  with  1*0.  In  order  to  answer  this 
question,  we  must  again  modify  our  Ideal  model  and  consider  the  presence 
of  parasitic  elements.  The  difficulty  can  be  resolved  If  we  place  a 
stray  capacitance  across  the  Input  terminals  of  the  network.  When  the 
current  Is  Increased,  It  will  Initially  flow  Into  the  capacitor,  start¬ 
ing  to  charge  It  to  a  positive  voltage.  The  diode  will  then  start  con¬ 
ducting,  which  makes  the  circuit  look  like  a  1-ohm  resistor  in  parallel 
with  the  capacitor,  and  the  upper  part  of  the  curve  will  be  followed  as 
the  current  Is  Increased. 

Placing  a  current  source  of  value  1^  in  parallel  with  the  network  of 
Fig.  7a>  as  shown  in  Fig.  7c,  gives  a  characteristic  curve  (Fig.  7d)  that 
is  defined  only  for  1  >  i_.  Reversing  the  diode  (Fig.  7e)  gives  a  char- 
acteristlc  (Fig.  7f)  defined  only  for  1  <  1  . 

Examples  of  the  third  type  of  FVL  characteristic,  which  is  defined 
for  only  a  finite  range  of  values  of  the  independent  variable,  are  given 
in  Figs.  8  and  9.  The  network  of  Fig.  8a  consists  of  the  network  of 
Fig.  7a  in  series  with  the  network  of  Pig.  7e  with  i_  =  1.  Since  the 
current  is  the  same  in  both  series  networks,  the  composite  characteristic 
is  obtained  by  adding  voltages  that  correspond  to  the  same  vadue  of  cur¬ 
rent  on  the  characteristics  of  Figs.  7b  and  7f.  Since  swidlng  something 
vindeflned  to  something  defined  yields  something  undefined,  the  resulting 
characteristic  curve.  Fig.  8b,  is  undefined  for  i  <  0  or  i  >  1.  In  ad¬ 
dition  to  being  a  closed  loop,  this  characteristic  has  the  interesting 
property  that  it  crosses  itself  without  actually  intersecting.  It  is  im¬ 
possible  to  go  directly  from  segnent  AC  to  segnent  BD  at. the  crossover 
point  (v  =  0  and  i  =  i)  because  each  segnent  corresponds  to  a  different 
state  of  the  diodes  (Fig.  8c)  and  there  is  no  external  means  of  causing 
the  diodes  to  change  state  while  keeping  both  v  and  i  constant.  Further¬ 
more,  when  we  are  operating  at  the  crossover  point.  Just  specifying  v  and 
i  is  insufficient  to  tell  us  what  the  internal  state  of  the  network  is. 

The  network  of  Fig.  9®,  which  contains  a  dependent  current  source  and 
a  negative  resistance,  has  a  v-i  characteristic  which  is  a  closed  paral¬ 
lelogram  (Fig.  9d).  When  i^  >  0,  diode  Dg  is  on,  and  the  network  reduces 
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0  <  i  <  1 
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CD 

1  0 

0  <  i  <  1 

V  =  (-1+i)  +  (-1)  *  -1 

DB 

1  1 

0  <  i  <  1 

V  =  (-Ui)  +  i  -  -l+2i 

BA 

0  1 

0  <  1  <  1 

V  =  (1-i)  +  i  =  1 

(c) 

FIG.  8.  NETIOWC  WITH  ITS  V-I  CHARACTERISTIC  DEFINED  FOR  A  FINITE  RANGE  OF  CURRENT. 

to  Fig.  9I).  When  <  0,  is  off,  euid  the  network  reduces  to  Fig.  9c 
after  transforming  the  dependent  source  and  canceling  the  negative  resist¬ 
ance.  The  characteristic  of  Fig.  9d  can  then  be  derived  from  Fig.  9t>  and 
9c,  noting  that  is  off  when  (i^  -  2v^)  <  0  and  is  on  when  (ij^-2v^) 

>  0. 

Examples  of  networks  whose  characteristic  curves  have  two  distinct 
branches  are  given  in  Figs.  10  and  11.  The  characteristics  of  the  two 
subnetworks  which  compose  the  network  of  Fig.  10a  are  shown  sis  dashed 
lines  in  Fig.  10b.  Since  the  subnetworks  sure  in  series,  the  overall  v-1 
characteristic  is  obtsdned  by  siddlng  voltages  which  correspond  to  the 
same  value  of  current  on  the  dashed  curves.  The  resulting  curve  has  two 
distinct  branches,  and  the  v-1  characteristic  is  undefined  for  i  >  0  or 
-1  <  V  <  +1. 

Addition  of  a  diode,  resistor,  and  current  source  to  the  network  of 
Fig.  9a  yields  the  network  of  Fig.  11a.  The  v-i  characteristic  of  this 
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FIG.  9.  NETWORK  WITH  A  CLOSED-LOOP  V-I  CHARACTERISTIC 


network  has  two  distinct  branches  (Fig.  11c).  When  (i^  -  2v^)  <  7/2, 
is  on,  and  the  network  reduces  to  Fig.  Sa,  which  has  the  closed-loop  v-i 
characteristic  shown  above  the  dashed  line  in  Fig.  11c.  When 
(ij^  -  2vj^)  >  7/2,  is  off,  and  the  network  reduces  to  Fig.  lib,  which 
has  the  oonotonic  v-i  characteristic  shown  belcw  the  dashed  line. 

The  above  examples  Illustrate  some  of  the  many  types  of  v-i  character¬ 
istics  that  resistive  IVL  networks  can  have.  Any  method  of  analysis  that 
is  to  be  generally  applicable  to  FWL  networks  containing  controlled 
sources  or  negative  resistances  must  be  capable  of  handling  characteristic 
curves  that  are  multi-valued  euid  that  may  be  undefined  for  some  regions 
of  the  variables.  Before  developing  methods  of  analysis,  mathematical 
representations  of  IVL  curves  will  be  formulated. 


B.  REIBESENTATION  OF  FWL  CURVES  BY  FWL  OFERATORS 

A  straightforward  way  to  describe  a  FWL  curve  is  to  list  the  linear 
equation  for  each  section  of  the  curve,  together  with  the  range  over 
which  this  equation  is  valid.  This  method  of  description  is  eidequate  for 
all  types  of  FWL  curves,  including  multi-valued  curves.  Examples  of  this 
type  of  representation  are  given  in  Figs,  ^c  and  9e. 

A  FWL  curve  with  n  linear  sections,  which  is  defined  for  all  values 
of  X,  can  be  specified  by  the  following  equations; 


y  =  ^1  + 

y  =  qg  +  rgX 

V 

y  =  <ln  +  V 


(x  <  b^) 

(x  between  b^  and  bg) 

(k  between  b.  .  and  b  ) 
•  K 


(1) 


where  q.  is  the  y-intercept  of  the  k^^  section, 
r.  is  the  slope  of  the  k  *  section,  and 

b  is  the  abcissa  of  the  intersection  of  the  k  section  and  the 
(k+1)  section. 

The  equations  of  the  sections  are  listed  in  the  order  in  which  they  oc¬ 
cur  as  the  FWL  curve  is  traced  out,  starting  at  the  left.  When  x  =  bj^. 
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ri6.  11.  NCTiOW  WITC  A  V-1  dARACTMlSTlC  lAVINO  TiO  DISTINCT  DMANOIES. 


y  -  <ik  +  W  “  Vi  ^k+i^k 


(2) 


Solving  for  the  k  hreakixjlnt  yields 


(3) 


Since  the  breakpoints  can  be  calciilated  In  terms  of  the  slopes  and  Inter 
cepts.  It  Is  vuinecesseury  to  specify  the  breeilqpolnts  separately,  and  the 
above  set  of  equations  can  be  written  In  the  following  abbreviated  form 


Ihe  array  of  n  Intercepts  and  slopes.  A,  will  be  called  an  n^  order  PWL 
operator  .  A  WL  operator  can  be  thou^t  of  as  a  concise  mathematical 
representation  of  a  FWL  cvirve.  A  IVL  operator  contains  the  minimum  amount 
of  Information  necesseury  to  describe  a  IVL  curve  since  two  pieces  of  In¬ 
formation  are  necesscury  to  determine  each  line  segnent.  !Rie  only  re¬ 
strictions  on  the  FWL  curve  are  that  It  be  defined  for  edl  vaJ-ues  of  the 
Independent  variable  aind  that  all  of  the  slopes  be  finite.  Ihe  curve 
may  have  negative  slopes,  may  be  multi-valued,  or  even  may  Intersect  It¬ 
self. 

Given  a  PWL  curve  or  the  equations  which  describe  It,  one  can  find 
the  corresponding  FWL  operator;  or  given  a  FWL  operator,  one  can  find  the 
corresponding  IWL  curve  cuid  the  equations  which  describe  It.  To  determine 
the  FWL  operator  which  represents  a  given  PWL  curve,  start  with  the  left¬ 
most  linear  section,  follow  the  curve,  and  write  down  the  Intercept  auid 
slope  of  each  section  In  the  order  In  which  the  sections  are  encountered. 
FOr  example,  the  curve  of  Pig.  5^  Is  represented  by  the  FWL  operator 
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To  reconstruct  a  FWL  curve  from  a  FVL  operator,  one  possible  procedure  Is: 


1.  Calcxilate  the  breakpoints  by  Eq.  (3). 

2.  Calculate  the  value  of  y  at  each  breedcpolnt  by  Eq.  (2). 

3>  Plot  these  points  and  Join  each  successive  pair  of  points  by  a  line 
segtaent. 

4.  Draw  a  line  with  slope  r.  starting  at  the  left  of  b^  and  terminating 
at  b^.  ^  ^ 

3.  Draw  a  line  with  slope  r  starting  at  the  rl^t  of  b  .  and  temln- 
atlng  at 

The  above  procedure  determines  a  unique  FWL  curve  from  a  given  IVL 
operator.  For  example.  If 


the  breakpoints  are  csdculated  by  Eq.  (3)  as 


\  “0,  bg  -  -4,  ^>3  »  2,  b^  =  4 


The  values  of  y  at  the  breakpoints  calculated  by  Eq.  (2)  as 


yi  »  3,  yg  »  »+/  y3  =  -2,  y^  =  2 


CapltsLl  letters  will  be  used  to  designate  IVL  operators  euid  small 
letters  will  be  used  for  variables  and  consteints  throvi^out  this  report. 

Modified  forms  of  PWL  operators  will  be  Introduced  later  In  order  to 
eliminate  these  restrictions. 


The  resulting  PWL  curve  (Pig.  12)  can  be  described  by  the  equations 


y 

y 

y 

y 

y 


3  +  x/2 

X  <  0 

3  -  x/4 

-4  <  X  <  0 

-  X 

-4  <  X  <  2 

-6  +  2x 

2  <  X  <  4 

-2  +  X 

4  <  X 

FIG.  12.  SELF- INTERSECTING  PWL  CURVE. 


When  a  PWL  operator  operates  on  a  constant,  the  result  may  be  a  single 
numerical  value  or  a  set  of  values,  depending  on  whether  the  PWL  curve 
is  single-  or  multi-valued  at  the  point  in  question.  For  B  defined  by 
Eq.  (6),  B(5)  =  3,  but  B(-l)  =  1,  5/2.  or  13/1+. 

The  use  of  iVL  operators  to  represent  curves  that  are  defined  for 
a  semi -infinite  range  of  x  requires  a  slight  modification  in  the  nota¬ 
tion.  A  curve  that  is  defined  only  for  x  <  x  starts  on  the  left  and 

—  a 

ends  on  the  left.  A  PWL  operator  in  the  previously  defined  form  could 
be  used  to  represent  the  curve,  except  that  the  last  section  applies  to 
the  range  x  <  b  ,  Instead  of  x  >  b  To  indicate  this  difference,  a 

bar  is  placed  on  the  right  bracket  of  the  PWL  operator  opposite  the  last 
intercept  and  slope.  For  example,  Fig.  7f  is  represented  by 
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V 


(i) 


The  convention  will  be  established  that,  whenever  a  PWL  cvirve  both  begins 
and  ends  on  the  left,  the  lower  of  the  two  end  sections  will  be  listed 
first  in  the  PWL  operator. 

When  a  IWL  curve  is  defined  only  for  x  >  x  ,  it  steurts  on  the  ri{^t 
and  ends  on  the  right.  To  indicate  that  the  first  section  applies  to 
the  range  x  >  bj^  insteeid  of  x  <  bj^,  a  bar  is  placed  on  the  right  bracket 
of  the  PWL  operator  opposite  the  first  intercept  and  slope.  For  this 
type  of  PWL  curve,  the  lower  of  the  two  end  sections  will  also  be  listed 
first  in  the  IVL  operator.  For  example.  Fig.  7d  is  represented  by 


When  working  with  IWL  curves  that  are  defined  for  all  values  of  x, 
it  is  sometimes  convenient  to  list  the  sections  in  the  PWL  operator  in 
reverse  order,  starting  on  the  right  and  ending  on  the  left.  In  this 
case,  a  bar  is  placed  opposite  both  the  first  and  last  sections  in  the 
PWL  operator.  Thus  Eq,.  (^)  could  be  rewritten  as 

('  0,  1 
8/3,  1/3 
2,  1 
5,  2 

,  -1,  1/2 

To  indicate  that  a  PWL  curve  is  defined  for  only  a  finite  range  of  x 
and  that  the  cuzve  heis  a  closed-loop  form,  a  dovdile  parenthesis  will  be 
placed  on  the  right  side  of  the  corresponding  PWL  operator.  For  example. 
Fig.  9d  is  represented  by 

V  = 
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C.  AN  ALTERNATE  FCSRM  OF  PNL  OPERATORS 


When  FWL  operators  sure  manlpu3ated  on  a  dig! tad.  computer,  an  alter¬ 
nate  representation  turns  out  to  he  convenient.  Instead  of  specifying  a 
FWL  operator  In  terns  of  Intercepts  and  slopes.  It  Is  possible  to  work 
with  breakpoints.  Listing  the  coordinates  of  the  breakpoints  In  order 
will  determine  all  of  the  sections  of  a  FWL  curve  except  the  two  end  sec¬ 
tions.  To  determine  these  end  sections,  additional  Information  must  be 
supplied.  Specifying  the  slope  of  each  end  se^&ent  would  be  adequate 
but  would  lead  to  a  FWL  operator  composed  of  n-1  breakpoints  and  two 
slopes.  This  unsymmetrlcal  fom  would  result  In  complications  when  de¬ 
riving  rxiles  for  algebraic  operations  with  FWL  operators.  Instead  of 
specifying  the  slope  of  an  end  section,  the  coordinates  of  a  point  on 
this  section  can  be  supplied.  This  procedure  leeuls  to  the  representation 
of  an  n-sectlon  FWL  curve  by  a  FWL  operator  of  the  fom 


*o'  ^o 

Xi,  y^ 

^k 


.  ^  1  y 
L  n'  ’'n. 


(7) 


where  (xj^,  y^)  are  the  coordinates  of  the  k^^  breakpoint  (k  -  1,2, . . .,n-l), 

(x^,  y^)  are  the  coordinates  of  a  point  on  the  first  section,  and 

(x^,  y^)  are  the  coordinates  of  a  point  on  the  last  section. 

The  points  on  the  end  sections  may  be  chosen  arbitrarily,  althouf^  for 

numerical  work  It  Is  desirable  to  choose  these  points  sufficiently  feu: 
from  the  neeurest  breakpoints  so  that  the  slopes  of  the  end  sections  ceui 
be  determined  accurately.  Squeure  brackets  will  be  used  to  enclose  the 
breakpoint  fom  of  FWL  operator,  which  Is  defined  above,  to  distinguish 
It  from  the  slope -Intercept  fom,  which  will  be  enclosed  by  parentheses. 

The  breakpoint  fom  has  the  disadvantage  of  requiring  n+l  pairs  of  nvn- 
bers  to  represent  an  n-sectlon  IWL  curve  compared  with  the  slope -Intercept 
fom,  which  requires  only  n  pairs.  However,  with  the  breeJcpolnt  fom.  It 
Is  unnecessary  to  use  bars  on  the  right  bracket  to  Indicate  when  a  FWL 
curve  starts  on  the  right  or  ends  on  the  left.  If  x^  <  x^,  the  curve 
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starts  on  the  left,  and  if  the  curve  steurbs  on  the  right.  If 

X  ,  <  X  ,  the  curve  ends  on  the  right,  and  if  x  ,  >  x  ,  the  curve  ends 

n-1  n'  *  n-1  n' 

on  the  left. 

Conversion  from  one  form  of  FWL  operator  to  the  other  is  easy.  Steu?t- 
ing  with  the  brealg^int  form,  Eq,.  (7)^  the  slopes  and  Intercepts  for  the 
other  form,  Eq.  (4),  are  given  by 


^k  -  ^k-l 

\  '  Vi 


(8) 


‘Ik  “  ^k  - 


(9) 


To  convert  the  slope -intercept  form  to  the  breakpoint  form,  proceed  as 
f ollOHs : 


1.  Calculate  the  bj^'s  by  Eq.  (3). 

2.  Choose  x^  <  b^  (  >  if  the  FWL  curve  starts  on  the  rl^t). 

3.  Set  (for  k  «  1,2, ,,,,n-l), 

4.  Choose  x^  >  b^_^  (  <  b^  ^  if  the  FWL  curve  ends  on  the  left). 

5.  Set  yg  -  +  r^x^. 

6.  Set  yjj  -  q.j5  +  rj^Xj^  (for  k  -  1,2,. ..,n). 


Written  in  breakpoint  form,  Eqs.  (^)  and  (6)  beo 


-6,-4 
-4,-3 
-3,-1 
1.  3 
4,  4 
6,  6 


and 


B 


-6,  0 
0,  3 
-4,  4 

4,  2 
6,  4 


These  FWL  operators  can  easily  be  written  down  by  Inspection  of  Figs,  ^b 
and  12. 


If  A  operating  on  x  yields  a  single  vadue  for  every  value  of  x,  A 
will  be  called  a  single -valued  IVL  operator.  If  A(x)  represents  a  mono- 
tonic  function  of  x,  A  will  be  csilled  a  monotonic  IWL  operator.  If  A  is 
a  single -valued  FWL  operator  in  breakpoint  form. 
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n. 


A(x) 


X  ,  y 
o'  *^0 


(x)  H 


yj  +  (X  -  Xj)rj 

yo  +  (x  -  x^)r^ 

y  +  (x  -  X  )r 
•'ll  '  n'  n 


where  r  •  ~ 

J  *J  ■  *J-1 


if  X  a  X 


■J 


<  "j 

if  X  <  x_ 


if  X  > 


(10) 


Ihe  various  forms  of  PWL  operators  that  have  been  defined  are  sun- 
marized  in  Table  1.  The  type  designation  indicates  whether  the  PWL 
curves  start  at  the  left  or  right  and  whether  they  end  at  the  left  or 
right,  e.ge,  type  IB  starts  at  the  left  and  ends  at  the  right.  It  is 
minecessary  to  use  bars  on  the  braclcets  of  the  breakpoint  form  to  dis¬ 
tinguish  the  different  types  because  there  can  never  be  any  ambiguity 
as  to  the  directions  of  the  end  segsents. 


TABLE  1.  TYPES  OP  PWL  OPERATORS 


PWL  Oparator  Typa  DaaifBatien 
and  Fora  of  Curva 

Fere  of 

Slepa>Iatarcapt 

Opar ater 

Br ankpoin  t 

LR  y. 

1 

mu 

M 

O 

A 

M 

,a 

>•  yj 
[,  >0*1 

<  *.) 

fni. 

.  fn  j 

Hi 

n 

isbh 

V 

X 

»■> 

( 

'.j 

H 

■ 

nK 

m 

N 

( 

^Wn  >  ''n  j 

■ 

yi 

Clotad  ^ 

1...  r'l 
'"i  -J 

- bn - , 

1 

■*o-  Yo"' 

.*n  ■  Yiu 

‘n>  Yo 

■  yn> 
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D.  REHilSEIITATION  OF  SOtItCBS  AID  DiaOSB  BY  FffL  OPERATORS 

When  a  section  of  a  FWL  curve  has  infinite  slope,  there  is  no  dlffl- 
cvilty  representing  the  curve  in  texms  of  RfL  operators  in  the  breakpoint 
fom,  but  soae  trouble  arises  when  ve  try  to  represent  it  in  slope - 
Intercept  fom.  Ve  can  get  around  this  difficulty  by  asswlng  that  the 
slope  is  very  large,  but  still  finite,  and  later  taking  the  Halt  as 
the  slope  becoaes  infinite. 

nie  v-1  characteristic  of  an  ideal  current  source  has  an  infinite 

slope  as  shown  in  Fig.  13.  If  the  current  source  has  a  very  large  shunt 

resistance  L,  then  the  characteristic  Intersects  the  v-axls  at  v  ■  -l^L. 

o 

In  terns  of  FWL  operators,  the  voltage  across  the  current  source  is 

V  -  (-1qL,L)  (i) 

If  we  let  L  00,  we  can  express  the  characteristic  of  the  ideal  current 
source  syabollcally  as 


V  -  (-ij»,»)  (i) 


(11) 


Siallarly,  for  an  ideal  voltage  source  of  value  e,  we  will  write 


lia 


(-eL,L)  (v)  -  (-e»,io)  (v) 


(12) 


FIG.  IS.  V.I  CgAMACTIRIfTIC  OF  IMAL  CIIMiNT  tOUIICI. 
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nie  voltage  across  the  source  Is 

V  •  e  +  01  -  (e,0)  (i)  (13) 

In  terns  of  IVL  operators^  the  v-1  characteristic  of  a  diode  with 
forvard  resistance  e  and  reverse  resistance  L  is 


By  letting  €  0  and  L  we  can  express  the  Ideal  diode  character¬ 

istic  of  Fig.  3  syaibollcally  as 

"-(o;*)  (‘)  w 

Ihe  series  diode  network  of  Fig.  l4  and  Its  duad,  the  parallel  diode 
network  of  Fig.  1^,  occur  freguentljr  as  building  blocks  in  resistive 
diode  networks.  In  terns  of  FWL  operators,  the  v-1  characteristics  of 
these  networks  are  respectively 


n» 

V  ■ 

^  Lm. 

fc ;)  »>  • 

(15) 

Hi 

V  ■ 

€-*0 

o 

o 

(16) 

V-M' «/ 

»/ 

By  considering  the  two  states  of  the  diode,  the  FHL  operator  that  charac¬ 
terises  a  network  of  either  type  can  be  written  down  by  Inspection  of  the 
network.  When  solving  sobm  types  of  WL  network  probleas,  it  Is  con¬ 
venient  to  work  In  texas  of  e  and  L,  and  then  let  e  0  and  L  «  after 
the  solution  has  been  obtained. 

E.  SUBUf  S  NSTBDD  FOR  REIRBSBlfTATIOH  OF  IVL  FUNCTIORB 

Stem  [Refs.  4,^]  represents  single -valued  FWL  functions  In  terms  of 
transformations  0*  and  0',  which  have  the  following  properties: 
^*l'*2'***'*n^  ^  “  maximum  value  of  x^,  Xg,  ...,  and 

(Xj^,Xg,...,x^)  0"  .  minimms  value  of  x^,  ...,  and  x^  (Ifl) 

Using  these  transformations,  the  RfL  function  of  Fig.  ^  Is 

V  -  [-1  +  1/2,  1,  (5  +  21,  2  +  1,  8/3  0n  0*"  (19) 
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FIG.  14.  SERIES  DIODE  NETWORK  AND  V*I  CHARACTERISTIC. 


FIG.  IS.  PARALLEL  DIODE  NETWORK  AND  V>I  CHARACTERISTIC. 


Any  single -valued  FVL  function  of  x  can  be  represented  by  a  generaliza¬ 
tion  of  one  of  the  following  fozas: 

y  ■  (( « « «( (x.j  ^  » » » » 

or  (20) 

t  t  -  Ji- 

y  ■  9^*  •  *  *  ***2b^^  ' "  •*  ^*nl**n2' *  *  ***n*^^ 

(20a) 

where  x^j  Is  a  linear  function  of  x.  Since  the  transfozBatlons  |r 
and  0~  yield  a  single  valvw,  aultl -valued  curves  cannot  be  ej^ressed  In 
this  fora.  The  fora  and  coaplexity  of  a  BiL  function  ei^ressed  In  teras 
of  0*  and  0~  generally  depend  on  the  shape  of  the  FWL  curve  as  well  as 
on  the  number  of  sections.  For  exai^lw,  if  we  change  the  last  section 
In  Fig.  ^  from  v«itov-2-f  1/2,  Eq,.  (19)  must  be  replaced  by 


^[-1  +  1/2,  (5  4  21,  2  +  1)0‘]  0^  (8/3  +  1/3,  2  +  1/2)0*J  0‘ 


(21) 
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Any  FWL  curve  which  can  be  represented  in  Stem's  notation  can  be 
represented  in  terns  of  FWL  operators,  but  not  conversely.  transfor¬ 
mations  that  contain  two  arguments  can  be  converted  to  FWL  operators  by 
the  following  relations: 

(x,y)0*  -  (S;  i)  (Jt  -  y)  +  y  •  l)  -  x)  +  (22) 

(x,y)0“  -  (o'  o)  (*  -  y)  +  y  “  (o'  (y  -  Jt)  +  (23) 

These  relations  can  readily  be  verified  by  considering  the  two  possible 
cases,  X  >  y  and  x  <  y.  For  example,  if  x  >  y,  Bq,.  22  becosws 

X  -  l*(x  -  y)  ♦  y  -  0*(y  -  x)  +  X 

+ 

A  0“  transfozmation  that^contains  more  than  two  arguments  can  first  be 
reduced  to  a  series  of  0~  transformations,  each  of  which  has  onlor  two 
arguments,  by  using  the  relationship 

Since  it  is  possible  to  represent  multi-valued  FWL  curves  by  RIL  opera¬ 
tors  but  not  by  0"  transformations,  it  is  not  always  p^slble  to  convert 
a  IVL  operator  to  an  equivalent  expression  involving  0“  transformations. 

An  algebraic  method  for  analyzing  RfL  networks,  based  on  Stem's 
notation,  is  discussed  in  Appendix  A.  Ihe  relative  advantages  and  dis¬ 
advantages  of  Stem's  methods  and  HfL-operator  methods  are  discussed  in 
Section  X.  B.  A  representation  for  FWL  curves  in  terms  of  absolute 
values  is  discussed  in  Appendix  B. 
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III.  ALGEBRAIC  OPERATIONS  WITH  PWL  OPERATORS 


IVL  operators  have  been  defined  to  represent  the  chsuracterlstlcs  of 
PWL  elements  In  a  compact  form.  The  next  step  In  formulating  a  system¬ 
atic  analysis  of  IVL  networks  Is  to  define  ed.gebrGd.c  operations  with  IVL 
operators.  Inversion,  addition,  multiplication,  and  other  operations 
will  be  defined  for  iWL  operators  In  both  slope -Intercept  and  breedepolnt 
forms.  The  algebraic  properties  of  these  operations  will  be  examined. 


A.  INVERSION  OF  PWL  OPERATORS 

Given  the  IWL  operator  which  represents  the  v-1  characteristic  of  a 
PWL  resistor,  a  method  Is  needed  for  determining  the  IWL  operator  that 
represents  the  corresponding  1-v  cheuracterlstlc.  In  order  to  solve  cm 
equation  of  the  form  y  »  A(x)  for  x,  we  will  define  the  Inverse  it  the 
PWL  operator,  A  so  that  x  >  A  ^(y).  Fig.  l6  shows  a  IWL  curve  and 
Its  Inverse.  Graphically,  finding  the  Inverse  of  a  PWL  cuzve  amounts  to 
Interchanging  the  x  and  y  axes  by  reflecting  the  curve  about  a  line 
drawn  through  the  origin. 

1.  Inversion  In  Slope -Intercept  Form 

For  a  IWL  c\irve  that  consists  of  a  single  section, 

^  "  *lk  V  “  ^V**k^ 

Solving  this  linear  equation  for  x  yields 


In  terms  of  IWL  operators, 

(») 

To  generalize  this  Inversion  procedure  to  an  n^^-order  PWL  opera¬ 
tor,  Eq.  (25)  Is  applied  to  each  section.  If 
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A 


represents  a  IVL  curve  which  starts  In  the  third  (quadrant  and  ends  In 
the  first  quadrant^  then 

/-VvVrA 

A  -  j  -yrj,  l/r^  \  (26) 

Since  the  Intercept  and  slope  of  each  section  Is  correct  and  the  sections 
are  listed  In  the  correct  order,  Eq^.  (26)  must  be  the  correct  representa- 


FIG.  16.  A  PWL  CURVE  AND  ITS  INVERSE. 
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'-12/5,  2/5 
-5,  3 
.  6,  1/k 


and 


6,  5/2 
5/3,  1/3 
-24,  4 


A  =1 


If  a  PWL  curve  steurts  or  ends  In  the  first  or  third  quadrant,  the 
inverse  curve  steurts  or  ends  in  the  same  quadrant  as  the  original  curve; 
however,  if  the  curve  stsurts  or  ends  in  the  second  or  fourth  quadrant, 
the  inverse  curve  starts  or  ends  in  the  opposite  quadrant.  When  a  PWL 
curve  starts  or  ends  in  the  second  or  fourth  quadrant,  the  initial  or 
final  slope  is  negative,  eind  the  corresponding  PWL  operator  has  r^  <  0 
or  r^  <  0.  In  this  case,  the  inverse  is  still  formed  as  in  Eq.(26),  but 
bars  must  be  added  to  (or  omitted  from)  the  right  bracket  of  the  Inverse 
PWL  operator  according  to  the  following  rules: 

If  r^^  <  0,  add  (or  omit)  a  beu*  opposite  the  first  section. 

If  r^  <0,  add  (or  omit)  a  bar  opposite  the  last  section. 

Examples  of  the  application  of  these  rules  are 


/  6,  2 
I  0,  1/2 
\ 1/2, -1/2 


-2 


2 

1 


/  1.-V2 

\-2,-l/3 


-3 


-1 


-2 


When  IVL  curves  are  classified  according  to  the  quadrants  in 
which  the  curves  begin  and  end,  there  Eire  10  possible  types  (Fig.  17). 
By  reflecting  these  curves  about  a  45*^  line,  it  is  seen  that  curves  of 
types  (a),  (b),  (g),  and  (h)  have  inverses  of  the  same  type  as  the 
orlglned.  curve,  but  curves  of  types  (c)  and  (d),  (e)  and  (f),  and  (l) 
and  (j)  are  Inverses  of  each  other. 


*  Omit  the  bar  from  the  inverse  if  the  original  PWL  operator  has  a  bar 
in  the  corresponding  position. 
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!Rie  Inverse  of  a  IVL  operator  in  breakpoint  fom  is  easy  to  find. 
Since  finding  the  inverse  of  a  FWL  cvtrve  anounts  to  interchanging  the 
X-  cmd  y-coordinates  of  every  point,  interchanging  the  x-  and  y>coordinates 
of  the  breakpoints  will  give  the  coordinates  of  the  brealqwints  of  the 
inverse.  Therefore, 


For  the  curve  of  Fig.  l6. 
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1 

o\ 

-6,  -9 

A  s 

1,  -2 

7 

10,8. 5_ 

and  A  ^  = 

-2,  1 

7,  ^ 
8.5,  10_ 

The  inverse  of  a  PWL  curve  can  adways  he  found  graphically  by  re¬ 
flecting  the  curve  about  a  45°  line.  The  inverse  of  a  PWL  operator  in 
breakpoint  form  can  always  be  found  by  Eq..  (27 ) .  The  inverse  of  a  PWL 
operator  in  slope -intercept  form  can  always  be  found  by  Eq,.  (26),  pro¬ 
vided  that  all  of  the  slopes  are  non-zero.  If  any  slope  is  zero,  its 
reciprocal  is  infinite,  and  a  special  method  is  needed  to  express  the  in¬ 
verse  in  slope -intercept  form.  If  a  section  has  zero  slope,  we  can  re¬ 
place  0  with  C  and  take  the  limit  as  €  ->  0  after  the  inversion  has  been 
carried  out.  Symbolically,  we  can  write 

^  ^  ’  (-<»>,»)■ 

B.  ADDITION  OF  PWL  OHKATORS 

When  two  PWL  resistors  in  series  carry  a  current  1,  the  voltage  ac- 
cross  the  combination  is 

V  =  Vi  +  Vg  *  Ri  (i)  +  Rg  (i) 

where  R^  and  R^  are  the  PWL  operators  that  represent  the  characteristics 
of  the  two  resistors.  We  will  define  addition  of  IWL  operators  so  that 
we  can  write 

V  =  Rj^  (1)  +  Rg  (i)  =  (R^  +  Rg)  (i) 

Addition  will  first  be  defined  for  single-valued  PWL  operators,  and  later 
the  definition  will  be  extended  to  multi-valued  operators.  The  sum  of 
two  single -valued  fWL  operators  is  defined  so  that 

A(x)  +  B(x)  =  (A  +  B)  (x)  (28) 

for  all  values  of  x. 

Graphical  addition  of  PWL  curves  is  illustrated  in  Fig.  18.  Each 
value  of  y  on  the  sum  curve  is  obtained  by  adding  the  values  of  y  on 
the  curves  being  added  which  correspond  to  the  same  value  of  x. 
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since  a  FWL  curve  Is  deteimlned  by  its  breakpoints,  It  Is  necessary  only  to 
carry  out  the  addition  for  values  of  x  where  either  curve  has  a  break¬ 
point  and  for  one  point  on  each  end  se^ient. 

1.  Addition  in  Slope -Intercept  Form 

For  the  case  where  each  IVL  curve  has  only  a  single  section  with 

*  V  -  <«j’  "j>  <>> 


the  sum  is 

♦  '2  -  (’j  *  *  '■•j  ♦  --k)  *  •  *  Vj  ♦  'k>  (*> 

In  terms  of  iVL  operators, 

<»J'  "k’  -  <«J  *  «k>  *  ■•k>  (=9) 
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In  wordS;  Eq..  (29)  can  be  stated  as  the  Intercept  of  the  sum  Is  the  svtm 
of  the  Intercepts,  and  the  slope  of  the  sum  Is  the  sum  of  the  slopes. 
The  sum  of  a  first-order  IVL  operator  and  an  n^  -order  PWL  operator  can 
be  foimd  by  applying  Eq,.  (29)  n  times: 


+ 


<ll>ri 


/'Io-^pV^iX 

:  (29a) 

\*lo^*V^n/ 


To  generalize  the  addition  procedure  to  higher-order  IVL  operators, 
pairs  of  sections  are  selected  according  to  the  relative  order  of  the 
breakpoints,  and  each  pair  is  added  by  Eq,.  (29).  After  a  pair  of  sec¬ 
tions  has  been  added,  the  breedcpolnts  that  follow  those  sections  are  com¬ 
pared,  and  the  lesser  breal^lnt  is  selected.  If  the  breakpoint  of  A 

* 

has  been  chosen,  we  move  down  to  the  next  section  of  A,  or  if  the  breeik- 
polnt  of  B  has  been  chosen,  we  move  down  to  the  next  section  of  B.  For 
Fig.  18, 


To  find  the  sum,  the  breeikpolnts  of  A  euid  B  are  first  calculated  by 
Eq.  (3)  and  listed  beside  the  IVL  operators.  Ibe  first  sections  of  both 
operators  sore  added  to  get  the  first  section  of  the  sum.  Since  -4  <  -2, 
we  move  to  the  next  section  of  B  and  add  (0,^)  and  (2,-^)  to  get  (2,^). 
Next,  since  -2  <  4,  we  add  the  next  section  of  A  to  the  same  section  of 
B,  which  gives  (1,1)  +  (2,-^)  =  (3/3/4).  This  process  is  continued  un¬ 
til  finally  we  add  the  two  last  sections  to  get  the  last  section  of  the 
sum. 


Moving  down  the  column  in  a  single -valued  PWL  operator  corresponds  to 
moving  to  the  right  along  the  corresponding  PWL  curve. 
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The  rule  for  addition  of  single -valued  FWL  operators  in  slope - 
Intercept  form  can  be  stated  foimally  as  follows.  The  sun  of  two  IVL 
operators 


A  = 


and 


B 


is  a  PWL  operator  of  the  form 


C  =  A  +  B 


(31) 


.h.re  «id  rjj  . 

"IJ 

+  Tglt  J 

mined  as  follows: 

1.  For  1-1,  J=k«l 

2.  If  for  i  »  i',  J  »  J'  and 

k  » 

k',  then  for  i 

J  *  J'  +  1,  k  *  k* 

if 

^IJ '  ^  ^2k' 

J  »  J'  +  1,  k  .  k'  +  1 

if 

^IJ'  '  ^2k' 

J  -  JS  k  -  k'  +  1 

if 

^IJ'  ^  ^2k' 

3.  For  the  last  section  (i  =  1), 

i 

m  m  emd  k  ■  n. 

The  breakpoints  in  the  above  rule  cure  given  by 


^IJ'  ■  'l,J‘+l 

^  ^.k'-t-l  ~  ^2k' 

*  r  -  r 

^2k'  2,k'+l 


(J*  -  l,2,...,n.l), 

(k*  .  l,2,...,n-l),  ^2n** 


When  two  successive  sections  of  C  have  the  same  Intercepts  and  the 
same  slopes^  both  sections  represent  the  same  straight  line,  and  one  of 
the  sections  shoiild  be  deleted  since  it  is  redundant.  Note  that  m 
does  not  have  to  equal  n,  and  i  will  genere^Jy  be  greater  than  either 


m  or  n 


-  - 


2,  Addition  In  Breakpoint  Form 


Addition  of  single -valued  PWL  operators  In  breakpoint  form  ceui  be 
expressed  by  the  equation 


*10*  ^10 

*20*  ^20 

*30*  ^30 

C  =  A  +  B  = 

• 

• 

*lB*  ^Ln 

+ 

• 

s 

*^n*  y2n 

s 

• 

• 

_*3i*  ^31 _ 

t  \ 

The  x-column  of  C  Is  formed  as  follows:  ' 

1.  *20  “  of  and 

2«  To  obtain  arrange  b-1  n-1 

In  Increasing  order. 

3.  X3^  »  maximum  of  x^  and  x^^^ 

The  entries  In  the  y -column  of  C  are 


^31  “  ^^*31^  * 


(32a) 


where  and  B(x3^)  are  evaluated  by  Interpolation  between  the  break- 


).  For  Fig.  18 j 

} 

-6,-4' 

-r 

-4,-2 
-2,-1 
2,  3 

1  + 

-1 
-K  3 

i*  ^ 

2 

4  - 

1 

-4,  1 
-2,3/2 
2,9/2 

4,  4 

3j 

A 

5 

6,  8 

A  -I-  B 


For  convenience  In  Interpolation,  the  slopes  of  the  sections  can  be  list¬ 
ed  beside  A  and  B  as  shown  above.  A  typlceil  cedculatlon  for  determina¬ 
tion  of  y^j^  Is 

y^g  -  A(-2)  +  B(.2)  -  -1  +  3  +  t-2-(-4)](-t)  -  3/2 

During  the  addition  process,  redundant  breakpoints  may  be  Intro¬ 
duced.  If 

^*J+1  '  "  ^J-1^  “  ^^J+1  ■  ^J-1^ 

the  point  (Xj>yj)  Joining  ^*J+1^^J+1^ 

and  therefore  may  be  deleted. 
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C.  MULTIPLICATION  OF  PWL  OPERATORS 


Inversion  emd  addition  of  PWL  operators  have  been  defined,  and  now  a 
multiplication  operation  vlU  be  Introduced.  Consider  tvo  PWL  networks 
connected  In  cascade  (Fig.  19)>  and  assume  that  the  loeullng  effect  of  the 
second  network  on  the  first  Is  negligible.  If  the  transfer  cheuracterls- 
tlcs  of  the  networks  are  represented  by  PWL  operators  with  Vg  »  B(v^)  and 
s  ^(v^),  we  would  like  to  define  multiplication  of  PWL  operators  so 
that  we  can  substitute  B(Vj^)  for  Vg  euid  write  v^  ■  AB(Vj^).  Then  the 
product  AB  would  represent  the  overall  treuisfer  characteristic  of  the  two 
networks  In  ceiscade.  In  general,  multiplication  of  IVL  operators  will  be 
defined  so  that  If  z  «  A(y)  and  y  «  B(x),  then  z  >  AB(x).  Note  that  this 
Is  not  ordinary  multiplication,  but  Is  a  substitution  type  of  operation. 

Graphical  mviltlpUcatlon  of  PWL  curves  Is  Illustrated  In  Fig.  20> 
Starting  with  plots  of  z  vs  y  and  y  vs  x,  the  object  of  the  multiplica¬ 
tion  process  Is  to  eliminate  y  and  obtain  a  plot  of  z  vs  x.  When  forming 
the  product  AB,  B'***  Is  plotted  below  A  so  that  the  coswon  variable,  y, 
can  be  measured  on  the  same  horizontal  scale  for  both  curves.  Since  x  Is 
measured  on  a  vertical  scale  for  B'^  and  on  a  horizontal  scale  for  AB, 
the  two  scales  for  x  can  be  related  by  reflection  In  a  line.  For  a 
given  value  of  y,  the  corresponding  values  of  z  and  x  can  be  determined 
graphically  and  plotted  on  the  product  curve.  The  graphical  construction 
required  to  do  this  Is  shown  for  typical  points.  Each  point  on  the  AB 
cxurve  Is  determined  as  the  Intersection  of  two  dashed  lines.  Since  the 
breakpoints  determine  the  PWL  curve,  this  procedure  need  be  carried  out 
only  at  the  breakpoints  and  at  one  point  on  each  end  se^wnt. 


V.  - 


A(v2) 


Al(v,) 


FIG.  19.  CASCADE  CONNECTION  OF  PWL  NETWORKS. 
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3' 


1.  Multiplication  In  Slope -Intercept  Form 


The  product  of  two  IWL  operators,  AB,  will  first  be  defined  for 
the  case  where  A  and  are  single -VEd.ued,  and  later  the  definition  will 
be  extended  to  the  multi-valued  case.  For  the  case  where  each  FWL  opera¬ 
tor  has  only  a  single  section  with 

z  =  <lj  +  (y) 

y  “  “Ik 


substituting  the  second  equation  Into  the  first  yields 

”  *  ^iS)  *  ♦  ’■jV  <*>  ■  (V'k> 

In  terns  of  FWL  operators. 


m 


th 


To  multiply  a  first  order  FWL  operator  by  an  n  order  operator, 
Eq. (34 )  Is  applied  n  times; 


V  ^1 


I0  +  Vi 


(35) 


V  ^n/  V'lo^WVn 


th 


The  product  of  an  n  -order  FWL  operator  times  a  first-order  operator  Is 
obtained  In  a  similar  manner; 


o'  o' 


(36) 


q_  +  r  q  ,  r  r 
^  n  ^o'  n  c 


It  may  be  necessary  to  add  bsurs  to  the  right  bracket  of  the  product  If 

r  ,  r, ,  or  r  Is  negative, 
o'  1  n 

The  multiplication  procedure  C8ui  be  generalized  to  higher-order 
FWL  operators  In  a  manner  similar  to  the  addition  procedure.  Pairs  of 
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sections  axe  selected  according  to  the  relative  order  of  the  breeUspolnts^ 
and  each  psdr  Is  multiplied  by  using  Eq,.  (3^)«  From  the  graphical  con¬ 
struction,  It  Is  clear  that  we  must  compare  breakpoints  of  A  and 
Instead  of  A  and  B  as  was  done  In  the  addition  procedure.  The  break¬ 
points  of  B"^,  l.e.,  the  y-coordlnates  of  the  breakpoints  of  B,  can  be 
found  by  the  relation 


\+l_2_^k 

^k  ■  ’^k+l 


^k^k-Hl  ~  '^k+l  ^k 
^k+1  ■  ^k 


(37) 


For  Fig.  20, 


B 


AB 


To  find  the  product,  the  are  calculated  by  Eq.  (3)  and  listed  be¬ 
side  A,  and  the  c^^'s  are  calculated  by  Eq.  (37)  and  listed  on  the  left 
of  B.  To  get  the  first  section  of  the  product,  the  first  sections  of  A 
and  B  cure  multiplied  using  Eq.  (3**)»  Since  -4  <  -2,  we  move  to  the 
next  section  of  A  and  multiply  (3/S)  by  (4,2)  to  get  (11,4).  Next, 
since  -2  <  -1,  we  multiply  the  same  section  of  A  by  the  next  section  of 
B  to  get  (3#2)  (1,1)  =  (5,2).  Ihls  process  Is  continued  until  finally 
we  multiply  the  last  sections  of  A  and  B  to  get  the  last  section  of  AB. 

The  rule  for  multiplying  a  single -valued  IVL  operator  by  a  IVL 
operator  whose  Inverse  Is  single -valued  can  now  be  stated.  IDie  product 
Is  given  by 


AB 


‘*•11' ''ll' 


^^lin'''im> 


'‘^21' 


21^ 


k‘l2n'''2n> 


(38) 


where 


%i  “  “^IJ  *  *’lj^2k  '■31  “  ^lj*'2k' 


39  - 


with  J  and  k  determined  In  the  same  manner  as  for  the  culdltlon  rule, 
Eq,.  (31),  except  that  bgj^,  la  replaced  by 


^k'^2,k'-t-l  '  ‘^.k'+1^2k' 
^2,k'+l  "  *’2k' 


(k'  =  1,2, . .  .,n-l),  c^  a  00 


If  B  has  a  ben:  on  the  right  bracket,  C  will  have  a  bar  In  the  correspond¬ 
ing  position.  For  example. 


If  B  stsurts  In  the  second  quadrant  and  ends  In  the  fourth,  before  carry¬ 
ing  out  the  multiplication,  the  sections  of  B  In  Eq.  (38)  must  be  listed 
In  reverse  order  so  that  the  Cj^'s  will  Increase  with  k.  For  example. 


^0,  1 


2.  Multiplication  In  Breakpoint  Form 

If  A  and  b'^  are  single-valued  IVL  operators  In  breakpoint  form, 
we  can  list  the  rows  of  A  and  B  In  an  order  such  that  the  first  column 
of  A  €uid  the  second  column  of  B  both  Increase  as  we  move  down  the  colunn. 
The  product  AB  ceui  then  be  expressed  In  the  form 


C  -  AB  = 


*10'  ^10 

• 

• 

*20'  ^20 

• 

• 

*30' 

• 

• 

^30 

• 

*lm'  ^Im 

• 

>’  ''2a 

s 

^31 

(39) 


To  find  C,  an  auxlUsu^  Z-colunn  Is  first  constructed  as  follows: 

1.  =  minimum  of  x^^  and  y^^ 

2.  To  obtain  z^,  Zy  ...,  z^  arrange  x^^^^  ,  *12'  •••'  *1,  ,ni-l 
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3.  Zi 


^21'  ^22*  ****  ^2,n-l  increasing  order. 


maximum  of 


Then  to  foxm 


*21  ■  B  ^  (z^)  and  «  A(Zj^)  (i  ■  0,1,2,. ..,i)  (39^) 

are  evaluated  by  Interpolation  between  the  breakpoints  using  Eq,.  (34). 

For  the  example  of  Fig.  20, 


A  « 

”-8,-6" 

-4,-5 

B  - 

‘-4,-4' 

-3,-2 

b"^  - 

"-4,-4 

-2,-3 

-1,  1 
_2,  4_ 

1,  2 

3,  3_ 

2,  1 

"-s" 

16,-6 

-4 

-4,-5 

-2 

-3,-1 

-1 

and  C  ■ 

-2,  1 

2 

1, 

3 

3,  5 

A  typical  calcxilation  for  detezaining  one  of  the  rows  of  C  is 


X32  -  (-2)  -  -3 

X32  -  A  (-2)  -  -5  ♦  [-2  -  (-4)]2  -  -1 


Extension  of  the  multiplication  procedure  to  multi-valued  EVL  operators 
will  be  considered  in  Section  III.  J. 


D.  OFBBATIOHS  WITH  COMSTAIITB 

In  the  solution  of  netwozics  that  contain  both  linear  and  RIL  elements, 
it  is  frequentljr  necessary  to  add  a  BfL  operator  to  a  constant  or  to  mul¬ 
tiply  a  HfL  operator  by  a  constant.  In  such  cases,  we  will  usually  write 
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a  -f  A,  aA,  and  Aa  as  abbravtatioas  for  (0,a)  +  A,  (0,a)A,  and  A(0,a) 
reapectlveljr.  When  the  FWL  operator  la  In  slope -Intercept  form,  the  fol- 
loeing  rules  are  special  cases  of  Bgs.  (29a),  (3?)>  end  (36)1 
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E.  THE  IDENTITY  OISRATOR 


Ihe  RfL  operator,  (0,1),  vlU  be  called  the  Identity  operator  and  given 
the  apecied  syabol  I.  Ihe  identity  operator  operating  on  anything  gives 
back  the  sane  thing, 

I(x)  »  (0,1)  (x)  «  0  -I-  X  ■  X 
For  every  PWL  operator.  A, 

AI  .  lA  -  A  (U3) 

since  for  every  section 

If  y  >  A(x)  is  defined  for  all  values  of  x, 

X  «  A'^  (y)  ■  A“^A(x)  ■  I(x),  so  A"^A  ■  I 

If  X  ■  A*‘^(y)  is  defined  for  all  values  of  y, 

y  -  A(x)  -  AA‘^  (y)  -  I(y),  so  AA"^  -  I 

It  follows  that  if  y  *  A(x)  is  defined  for  all  values  of  x  and  x  ■  A~^(y) 
is  defined  for  all  values  of  y,  then 

AA”^  «  a"^A  •  I  (44) 

This  eciuatlon  is  easily  verified  for  a  first-order  FWL  operator, 

^  'k^* 

AA"^  -  (qj^,  T^)  -  <l|j,  V'k^  “  ^ 

A'^A  -  (-qj/rj^,  1/rj^)  (qj^,  r^^)  -  -  (0,1)  -  I 

For  n^^-order  IVL  operators,  the  saw  result  is  obtained  for  every  sec¬ 
tion  so  that  the  product  of  an  operator  and  its  inverse  reduces  to  the 
identity. 
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F.  HBQATION  AND  SUBTRACTION 


The  negAtive  of  a  FWL  operator  will  be  defined  so  that  If  y  -  A(x), 
then  -y  ■  (-A)  (x).  The  negative  of  a  PUL  curve  la  found  graphically  by 
Interchanging  y  and  -y  by  reflecting  the  curve  about  the  x*axl8.  This 
reflection  la  equivalent  to  changing  the  algi  of  every  alope  and  Inter¬ 
cept.  Therefore,  If 


A  - 


then  -A  ■  (0,-l)A  ■ 


T"') 


or.  In  breakpoint  notation.  If 


X  ,  y 

0*  'o 

1 

o 

A  - 

a 

a 

then  -A  ■ 

a 

a 

a 

a 

1 — 
p** 

%a 

1 _ 

Subtraction  of  HfL  operatora  la  then  defined  by 


(*^5) 


A  -  B  -  A  -f  (-B) 


(J^T) 


l.e.,  to  aubtract  B  fron  A,  add  the  negative  of  B  to  A. 

It  la  uaeful  to  define  a  8ec(»d  type  of  negation  with  A(-x)  ■  K(x). 
Graphically,  thla  operation  la  perfonMd  by  Interchanging  x  and  -x  by 
reflecting  the  IVL  curve  about  the  y-axla.  Since  -x  >  (0,-l)(x), 

A(-x)  ■  A(0,-l)(x)  -  A(x),  BO  A  •  A(0,-1).  If 


A  - 


(W) 


or.  In  breakpoint  notation.  If 


*0'  ^ 


*h'  ^n 


then 
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The  reordering  of  the  sections  is  performed  so  that  the  sections  will  be 
listed  in  the  customary  order,  l.e.,  from  left  to  right. 

Two  useful  relations  which  involve  the  two  types  of  negation  are 

A(-B)  =  A(0,.l)  B  =  AB  (50) 

and  =  [A(0,.1)]‘^  =  (0,-l)A“^  =  -(A"^)  (50a) 

G.  ASSOCIATIVE,  COIWUTATIVE,  AND  DISTRIBUTIVE  LAWS 

Both  the  associative  and  commutative  laws  are  valid  for  addition  of 
IVL  operators.  Since 

[A(x)  +  B(x)]  +  C(x)  »  A(x)  +  [b(x)  +  C(x)]  for  80.1  x, 
it  follows  that 

(A  +  B)  +  C  «  A  +  (B  +  C)  (associative  law),  (51) 

and  since 

A(x)  +  B(x)  *  B(x)  +  A(x)  for  all  x, 
it  follows  that 


A  4-  B  >  B  A  ( coonutatlve  law). 


(52) 


For  multiplication  of  IVL  operators,  the  associative  law  is  valid, 
but  the  commutative  law  is  not.  Since 


|B[C(x)ij  = 


A[BC(x)]  =  AB[c(x)]  for  all  x. 


it  follows  that 


A(BC)  =  (AB)C  (associative  law). 


(53) 
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The  associative  law  can  be  verified  directly  for  first-order  WL  opera 
tors.  If  A  =  (a^^ag),  B  -  (b^bg),  and  C  =  (c^Cg), 

A(BC)  =  (aj^,ag)  (b^  +  “  (®^1  ^^2^2^ 

and  (AB)C  =  (a^^  +  ^2^1^  “  ^®'l  '*’  ®2^1  ®2^2°1*  ®^2^2®2^ 

The  commutative  law  does  not  hold  in  general  for  multiplication.  Even 
for  first-order  FWL  operators. 


AB  »  (a^^. 

®2^  (V  ^2^  “  ^®1  ®2^1^  ®2^2^ 

but 

BA  =  (b^. 

bg)  ag)  ®  (bj^  +  bga^^,  agbg) 

and 

AB  /  BA. 

The  right  distributive  law  is  valid  for  FWL  operators,  but  the  left 
distributive  law  is  not  valid,  l.e.. 


(A  +  B)C  -  AC  +  BC 

(5^) 

but 

A(B  +  C)  /  AB  -1-  AC 

(55) 

except  in  special  cases.  The  validity  of  Eq,.  (^4)  follows  fron  the  way 
in  which  addition  is  defined.  From  the  definition  of  addition, 

(A  +  B)  (y)  -  A(y)  +  B(y) 

Now,  substituting  C(x)  for  y, 

(A  +  B)C(x)  a  AC(x)  +  BC(x)  «  (AC  +  BC)  (x) 

from  which  Eq.  (5^)  follows.  On  the  other  hand,  unless  A  is  linear, 

A(y^  +  yg)  ^  A(y^)  +  A(y2) 


-  46  - 


If  =  B(x)  and  y^  =.  C(x), 

A[B(x)  +  C(x)]  /  AB(x)  +  AC(x) 

and  A(B  +  C)  (x)  /  (AB  +  AC)  (x) 

which  shows  that  the  left  distributive  law  is  generally  not  true. 

The  right  distributive  law  can  be  verified  directly  for  first-order 
PWL  operators.  If  A  =  (a^,  a^),  B  =  (b^^,  bg),  and  C  =  (c^,  Cg), 

(a  +  B)C  =  ^gCg+bgCg)  and 

AC  +  BC  -  (^-^2^1*  ^2°2^  *  ^^l'*‘^2°l*  ^2*^2^  “  ( ai+tol+a2®l'^^2®l'  ®^°2>‘*‘^2°2 ^ 

^e  left  distributive  law  is  generally  not  true  even  for  first-order 
IVL  operators: 

♦ 

A(B  +  C)  -  (a^,ag)  *  ^*l‘^2^l‘^®l' V2'^2°2^ 

AB  .  AO  .  (ai«2>>^,A2»2)  ♦  ('*i+«2V*2'=2>  *  (2«i«2'>l«2'=2'*a'’2'^'=2> 

The  only  ceise  in  which  the  left  distributive  law  holds  is  when  A  is  a 
constant.  If  A  «  (0,a), 

(0,a)  (B  +  C)  -  (0,a)B  +  (0,a)C 

(56) 

or  a(B  +  C)  >  aB  •»-  eiC 

This  relation  must  be  true,  since  premultlplying  by  a  constant  merely 
changes  the  vertlcsil  scede  on  the  IVL  curves. 

A  special  left  distributive  law  can  be  derived  when  A  Is  of  first- 
order.  If  A  =  (aj^,ag),  then 

A(B  +  C)  =  (a^^^O)  (B  +  C)  +  (0,ag)  (B  +  C) 

=  (a^,ag)B  +  (0,ag)C  -  AB  +  (0,ag)C  (57) 
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H.  SHIFTING  OP  PWL  OPERATORS 

Given  am  expression  of  the  form  y  =  A(x  +  b)  where  b  is  a  constant, 
we  would  like  to  find  a  new  iVL  operator,  A^,  such  that  y  =  A^(x).  The 
PWL  curve  that  A.  represents  can  be  obtained  by  shifting  the  PWL  curve 
for  A  a  distance  of  b  \uiits  to  the  left  along  the  x-eixis.  For  the  k 
section  of  A, 


y  =  fjj)  (x  +  ^)  =  \  +  =  ((ij^  +  rj^b,  r^^)  (x)  (58) 

th 

Hie  shifting  rule  for  am  n  -order  FWL  operator  is,  therefore. 


4l,  \  /  "1 

A(x  +  b)  =  (  :  1  (x  +  b)  =  I  :  1  (x)  =  A^(x)  (59) 


.V 


.Vn*''  ’'n, 


th 


The  k  breakpoint  of  is 


(Vk”’  -  ♦  W”*  Ik  -  ikfi 


^■k+1  ■  'k 


^k+1 


-  b  =  b.  -  b  (60) 


where  b^^  is  the  k^^  breakpoint  of  A,  which  indicates  that  all  of  the 
breaikpolnts  have  been  shifted  b  units  to  the  left. 

The  shifting  rule  cam  be  applied  even  If  b  is  a  vaurlable  Instead  of 
a  constant,  but  in  this  case  the  breadcpolnts  of  are  veurlable.  Since 
addition  or  multiplication  of  IVL  operators  cam  be  carried  out  only  if 
the  relative  values  of  the  breaikpoints  aure  known,  it  is  usually  not  help 
ful  to  apply  the  shifting  rule  unless  b  is  a  known  constant. 


I.  ADDITION  OF  MULTI-VALUED  PWL  OPERATORS 

Addition  of  single -valued  FWL  operators  has  been  previously  defined. 
We  now  wish  to  extend  the  definition  of  addition  to  include  multi -vad.ued 
curves.  First,  the  euidltion  rule  will  be  extended  to  the  stun  of  a  mviltl 
valued  amd  a  single -valued  PWL  operator,  amd  then  finadly  to  the  sum  of 
two  multi-valued  operators.  In  carrying  out  this  extension,  we  wamt  to 
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make  sure  that  the  sum  of  two  PWL  operators  which  represent  the  charac¬ 
teristics  of  FWL  resistors  correctly  represents  the  characteristic  of 
the  two  resistors  in  series. 

Some  of  the  procedures  that  will  he  developed  for  addition  and 
multiplication  of  multi-valued  FWL  operators  sure  fairly  complicated  to 
carry  out  hy  hand;  however,  these  procedures  have  been  programmed  for  a 
digital  computer  (see  Chapter  IX)  so  that  multi -veLIued  operators  are  as 
easy  to  work  with  as  single -valued  operators  when  the  computer  is  used. 
For  shorter  problems  where  a  computer  is  not  worthwhile,  rather  theui 
learning  the  more  complicated  rules,  it  is  often  helpful  to  sketch  the 
curves  as  an  aid  in  selecting  sections  to  be  added  or  multiplied. 

Fig.  21  illustrates  the  addition  of  a  multi-valued  IWL  curve  to  a 
single -valued  IWL  curve.  For  a  given  value  of  x,  the  values  of  y  on  the 
sum  curve  are  obtained  by  adding  each  value  of  y^^  to  the  corresponding 
value  of  y2«  In  order  to  determine  the  sum  curve,  it  is  necessary  to 
carry  out  this  addition  for  values  of  x  where  either  curve  has  a  break¬ 
point,  and  for  one  point  on  each  end  segnent.  To  determine  the  correct 
order  of  the  breakpoints  on  the  sum  curve,  trace  out  the  multi -vadued 
curve  starting  at  the  left  amd  simultaneously  follow  adong  the  single - 


FIG.  21.  addition  OP  A  MULTI-VALUED  AND  A  SINGLE- VALUED  P*L  CURVE. 
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vELlued  curve  at  the  same  values  of  x.  The  single -valued  curve  will  be 
retraced  opposite  the  part  of  the  other  curve  that  Is  multi-valued,  so 
that  some  bresikpolnts  may  be  encoxintered  more  than  once. 

A  breakpoint  at  which  a  multi -vedued  curve  doubles  back  will  be  re¬ 
ferred  to  as  a  corner  point.  After  the  breeikpolnts  of  a  IVL  operator  In 
slope -Intercept  form  have  been  calculated,  the  comer  points  are  easy  to 
Identify.  The  breakpoint  bj^.  Is  a  corner  point  If 


or  If 


Vi<\ 

Vi>\ 


>  b 


<  b 


k+1 

k+1 


When  the  addition  of  a  multi-valued  eind  a  single -veilued  FWL  curve  Is 

carried  out  In  terms  of  IVL  operators,  the  procedure  Is  similar  to  that 

of  the  single-valued  case  except  when  a  comer  point  Is  encountered,  nie 

addition  process  for  slngle-valxwd  operators  starts  with  the  first  sec- 

* 

tlon  of  each  operator  and  works  down  the  coliann  In  both  operators  until 
the  last  sections  of  both  are  reached.  When  adding  a  multi-valued  opera¬ 
tor  A  to  a  single -valued  operator  ]S^  the  direction  of  travel  In  A  is  sd- 
ways  down  the  column,  but  the  direction  of  travel  in  B  is  reversed  every 
time  a  comer  point  of  A  Is  encountered.  Moving  upward  In  B  corresponds 
to  moving  to  the  left  on  the  IVL  curve.  Moving  to  the  left  as  the  ad¬ 
dition  progresses  will  be  referred  to  as  the  reverse  mode  since  the 
normal  mode  Is  moving  to  the  right. 

A  more  gene red  procedure  for  addition  of  IVL  operators  In  slope - 
Intercept  form  can  now  be  stated.  Starting  with  the  first  sections  of 
both  operators, 

1.  Add  two  sections:  *  (^j  + 

2.  Compare  the  breeikpolnts  that  follow  those  sections  (when  moving 
downward,  b.  follows  the  k^^  section,  but  when  moving  upward,  b.  ^ 
follows  the  k  section). 

3.  Choose  the  smaller  breakpoint  when  In  the  normal  mode,  or  the 
larger  breakpoint  when  In  the  reverse  mode  (If  breakpoints  are  equal, 
choose  both). 

Moving  up  and  down  the  column  in  the  PWL  operator  should  not  be  confused 
with  moving  up  and  down  on  its  graph. 
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4.  Move  to  the  next  section  of  the  operator  In  which  the  breakpoint 
was  chosen. 

5.  If  the  chosen  breakpoint  is  a  comer  point,  reverse  the  direction 
of  travel  in  the  other  operator  and  change  the  mode  of  addition. 

6.  Go  back  to  1.  and  repeat  the  whole  process  until  the  last  sections 
of  both  operators  6u:e  reached. 

For  the  example  of  Fig.  21,  this  process  gives 


/-2.5,  .w\ 
A.B.  0,-1 

^2.5,  .25/ 


,-.25 

,-.75 
,  -5 

>  .25y 


The  comer  points  of  A  have  been  starred.  !nie  details  0^  the  addition 
axe  given  in  the  following  table.  Ube  direction  of  travel  is  indicated 
by  D  for  down  and  U  for  up,  and  the  mode  of  addition  is  indicated  by  N 
for  normaLL  aind  R  for  reverse.  Ihe  breakpoints  that  were  chosen  are 
meurked  with  arrows.  The  table  can  probably  be  best  understood  by  fol¬ 


lowing  the  IVL  curves  in  Fig.  21  while  it  is  being  reetd. 


Sections 

to  be  Added 

Direction 

of  Travel 

Mode 

Breadcpolnts  to  be 
Compaured 

A 

B 

A 

B 

A 

B 

1 

1 

D 

D 

N 

2 

0 

1 

2 

D 

D 

N 

2-— 

k 

2 

2 

D 

U 

R 

-2 

0 

2 

1 

D 

U 

R 

-2  — 

•  • 

3 

1 

D 

D 

N 

•  • 

0 

3 

2 

D 

D 

N 

4 

3 

3 

D 

D 

N 

-- 

If  the  multi-valued  operator  that  is  being  added  to  the  single -valued 
operator  is  not  defined  for  the  entire  range  of  the  independent  V8u*iable, 
the  same  procedure  can  be  applied.  For  Fig.  22a,  we  have 
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When  the  multi-valued  operator  starts  at  the  right,  as  in  Fig.  22b,  the 
addition  process  is  started  in  the  reverse  mode,  first  eddlng  the  last 
section  of  B  to  the  first  section  of  A,  and  then  moving  upward  in  B  un¬ 
til  a  comer  point  of  A  is  reached.  For  Fig.  22b,  we  obtain 


Addition  of  two  multi-valued  curves  is  Illustrated  in  Fig.  23. 
Selection  of  sections  to  be  added  is  carried  out  by  starting  at  the  left 
and  simultaneously  tracing  the  two  curves  at  the  same  values  of  i. 
Whenever  cvirve  A  doubles  back,  curve  B  is  retraced,  and  whenever  curve 
B  doubles  back,  curve  A  is  retraced.  If  cxirves  A  and  B  represent  the 
characteristics  of  elements,  the  sum  curve  can  be  used  to  predict 
the  behavior  of  the  two  elements  connected  in  series.  For  example,  if 
the  initial  state  of  the  series  network  corresponds  to  point  a  on  the 


FIG.  22.  ADDITION  OF  A  CURVE  DEFINED  FOR  A  SEMI- INFINITE 
RANGE  OF  X  TO  A  SINGLE- VALUED  CURVE. 
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sum  curve,  and  we  drive  the  network  with  a  current  source,  the  path 

* 

a-b-b' -d-d' -J  will  be  followed  as  the  current  Is  continuously  Increased. 
Similarly,  If  we  drive  with  a  voltage  source,  the  path  a-b-c-d-e-e* -h-l-J 
will  be  followed  as  the  voltage  Is  continuously  Increased. 

Addition  of  two  multi-valued  operators  Is  similar  to  addition  of  a 
multi-valued  and  a  single -valued  operator  except  that  both  A  and  B  can 
have  corner  points,  so  that  It  may  be  necesseury  to  change  the  direction 
of  travel  In  both  A  and  B.  The  rules  for  changing  directions  and  modes 
of  addition  are: 


1.  When  a  comer  point  of  A  Is  encountered,  chemge  directions  In  B  and 
change  modes. 

2.  When  a  comer  point  of  B  Is  encountered,  change  directions  In  A  and 
change  modes. 

3.  When  corner  points  of  both  A  and  B  are  encountered  simultaneously, 
change  modes,  but  do  not  change  directions. 


For  Fig.  23, 


/  0,  1/4 

A  +  B  -  9,-l/2  * 

\  9,  1/4/  ° 


3, 

1/2 

12, 

.1/4 

14, 

-3/4 

10, 

-1/4 

10, 

1/2 

14, 

0 

12, 

1/2 

The  details  of  this  addition  eu:«  given  in  the  following  table.  This  ex¬ 
ample  Is  rather  complicated  because  every  breakpoint  is  a  comer  point 
and  a  mode  change  Is  needed  at  every  step. 


The  exact  nature  of  the  dashed  transiti(Xis  depends  on  the  parasitic 
elements  that  are  present  In  the  network.  It  will  be  assuBwd  that  a 
FWL  network  will  remain  In  Its  present  state,  i.e.,  continue  to  operate 
on  the  same  line  segnent  of  Its  characteristic,  unless  the  terminal 
conditions  cannot  be  satisfied  on  this  line  sesaent.  In  this  case,  the 
network  state  will  change  to  the  nearest  line  se^wnt  on  which  the  new 
terminal  conditions  c€ui  be  satisfied. 
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Sections 

to  be  Added 

B 

Direction 

A 

of  Travel 
B 

Mode 

Breakpoints  to  be 
Compared 

A  B 

1 

1 

D 

D 

N 

12 

8  — 

1 

2 

U 

D 

R 

-- 

4  — 

1 

3 

D 

D 

N 

12  — 

-- 

2 

3 

D 

U 

R 

0 

4  — 

2 

2 

U 

U 

N 

12 

8  — 

2 

1 

D 

U 

R 

0— 

3 

1 

D 

D 

N 

-- 

8  — 

3 

2 

U 

D 

R 

0 

4— 

3 

3 

D 

D 

N 

— 

-- 

Fig.  2k  shows  another  example  of  addition  of  two  multi-valued  curves. 
In  terms  of  PWL  operators, 

/-5,  1/A 

/-2,  l/l.\o»  /-3,  l/lNi,*  /  -5, -1/4  \ 

A.B  .  U.-VS  .  .  o.-va)  ,  -  1,1/2 

\k,l/kr  \2,  o/-'*  \  4,.V4  / 

\6,  V4 / 

In  this  case,  the  sum  cvirve  has  onl^  five  sections,  compeored  with  nine 
In  the  previous  example.  If,  Instead  of  starting  the  addition  process 
at  the  lower  left  on  both  curves,  we  start  with  the  bottom  section  of 
A  and  the  top  section  of  B,  we  obtain  the  closed-loop  characteristic 
shown  with  dashed  lines.  Ihe  solid  curve  correctly  represents  the  v-1 
characteristic  of  the  series  connection  of  the  FWL  elements  represented 
by  A  and  B.  The  states  of  the  network  represented  by  the  dashed  curve 
may  be  thought  of  as  tremslent  states.  If  we  start  with  the  network 
operating  at  a  point  on  the  dashed  curve  and  apply  a  voltage  or  current 
outside  the  range  of  the  dashed  curve,  the  operating  point  must  shift 
to  the  solid  curve.  Once  we  are  operating  on  the  solid  curve,  the  opera¬ 
ting  point  will  reauiin  there  no  matter  how  we  vary  the  terminal  voltage 
or  current.  The  only  way  to  get  back  to  an  operating  point  on  the 
dashed  curve  would  be  to  go  into  the  network  and  change  the  voltage 
across  one  of  the  series  elements  directly. 

Ihe  addition  procedure  for  multi-valued  operators  works  satisfactori¬ 
ly  If  one  of  the  FWL  curves  is  undefined  for  a  semi -Infinite  range  of 
the  Independent  variable;  however,  difficulties  arise  If  both  curves  are 
of  this  type.  If  both  multi-valued  curves  are  defined  for  a  semi -Inf Inlte 
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FIG.  24.  ADDITION  OF  MULTI-VALUED  PtL  CURVES. 
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range  of  the  Independent  variable,  and  the  ranges  of  definition  are  not 
the  same,  we  will  say  that  the  corresponding  FWL  operators  eure  incompati¬ 
ble  for  addition.  If  we  add  the  curves  graphically,  the  sum  curve  may 
have  two  separate  branches  (Fig.  10 )  or  may  form  a  closed  loop  (Fig.  8). 
Even  in  the  case  where  the  range  of  definition  is  the  same,  the  sum  curve 
may  have  two  possible  values  (Fig.  25).  The  solid  c\irve  in  Fig,  25b  is 
obtained  by  adding  A  and  B  in  the  visual  meuiner, 

/O,  l/2\  (0,l/k\ 

=  \0,-3A^  ^  VO, -1/4/  “ 

By  listing  the  sections  of  B  in  the  reverse  order,  we  obtain  the  dashed 
curve 


Because  of  this  possible  ambiguity,  we  must  be  ccureful  when  ceurrying  out 
addition  of  two  IVL  operators  that  are  both  undefined  for  some  range  of 
the  Independent  variable.  If  this  type  of  addition  is  reqtulred  dvirlng 
the  solution  of  an  actual  network  problem,  it  is  probably  because  we  are 
working  with  an  over-idealized  model.  We  then  have  several  alternate 
courses  of  action:  (1)  start  over  again  using  a  less  idecdized  model; 

(2)  if  the  eiddition  occurs  as  one  of  the  leist  steps  in  the  problem,  carry 
it  out  graphically  and  try  to  Interpret  the  result  in  terms  of  the  model; 
or  (3)  C6u:ry  out  the  addition  in  terns  of  IVL  operators  with  the  risk 
that  the  final  solution  may  be  Incomplete  or  in  error.  In  this  case,  the 
solution  should  be  checked  by  substitution  back  in  the  orlgined  network 
equations.  When  we  write  an  equation  in  terms  of  FWL  operators,  we  will 
do  so  with  the  implicit  understEuidlng  that  the  equation  is  valid  only  if 
all  of  the  indicated  algebraic  operations  ceui  be  carried  out  unambiguously. 

Methods  have  been  presented  for  addition  of  multi-valued  IVL  opera¬ 
tors  in  slope -intercept  form.  Aneilagous  methods  have  been  developed  for 
the  breakpoint  form. 

J.  MULTIPLICATION  OF  MULTI-VALUED  FWL  OPERATORS 

The  multiplication  process  can  be  genersdized  to  handle  multi -vedued 

-  57  - 


FIG.  25.  ADDITION  OF  P«L  CURVES  UNDEFINED  FOR  s  >  0. 


PWL  operators  In  the  same  manner  that  the  addition  process  was  general¬ 
ized.  The  rules  for  selection  of  sections  to  be  multiplied  are  com¬ 
pletely  analogous  to  the  rules  for  selection  of  sections  to  be  eidded, 
except  that  one  works  with  the  breakpoints  of  A  and  B*'*'  Instead  of  with 
the  breakpoints  of  A  and  B. 

The  transfer  characteristic  of  the  cascade  lattice  network  of  Fig. 
26a  will  be  derived  to  Illustrate  multiplication  of  a  single -valued  PWL 
operator  by  a  PWL  operator  whose  Inverse  Is  multi-valued.  We  will 
assume  that  r2»  and  that  loading  of  the  first  lattice  by  the  second 
can  be  neglected.  By  considering  the  two  possible  states  of  each  diode, 
the  transfer  characteristics  of  the  two  cascaded  networks  are  easily 
seen  to  be 


/0,-l/2\ 

1/2 )  ^3  =  ^2  ■  ® 


,g*/-E,-l/2\ 

0,  1/2  J  \-E,  1/2  J 


/  -E/2,  -1/4  \ 

I  E/2,  1/*^  \ 

\  E/2,  -1/4  1 

\  -E/2,  1/4  / 


This  multiplication  is  carried  out  graphically  in  Fig.  26b. 

The  following  example  Illustrates  multiplication  of  a  multi -vsilued 
PWL  operator  by  one  whose  Inverse  is  multi-valued. 
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) 

Following  the  rules  for  selection  of  sections,  the  sections  have  been 

st  st  nd  .  st  rd  st . 
multiplied  In  the  following  order:  1  xl,2  xl,3  xl^ 


+E-  I 


FIG.  26*.  CASCADE  LATTICE  NETWORK. 


FIG.  26b.  DETERMINATION  OF  TRANSFER  CHARACTERISTIC  BY 
GRAPHICAL  MULTIPLICATION 
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The  product  AB  may  be  Indeterminate  If  a  section  of  A  that  has  an 
infinite  slope  must  be  multiplied  by  a  section  of  B  that  has  a  zero 
slope.  Thus^  the  following  product  Is  Indeterminate 

/-1/2,1/2\  /2,  1\ 

I  -CO,  CO  j  (  1,  0  I 

\  1/2,1/2  1  \o,  1/ 

This  product  Is  still  Indeterminate  If  graphical  multiplication  Is  used 
(Fig.  27).  Since , any  point  on  the  vertical  section  of  A  might  be  asso¬ 
ciated  with  any  point  on  the  vertical  slope  of  B"^,  the  product  cxxrve 
might  take  any  path  throvigh  the  shaded  Indeterminate  region.  Ihls  diffi¬ 
culty  can  be  resolved  by  assimlng  finite,  non-zero  slopes  for  A  and  B, 
and  taking  limits  after  the  multiplication  has  been  cEurrled  out. 

Multiplication  of  FWL  operators  In  breakpoint  form  has  also  been  ex¬ 
tended  to  the  multi -vedued  case.  The  procedures  for  addition  and  multi¬ 
plication  of  multi-valued  FWL  operators  in  breedcpolnt  form  have  been 
adapted  for  computer  use  and  are  discussed  In  more  detsdl  in  Section 
IX.  C.  3. 


FIG.  27.  INDETERMINATE  CASE  FOR  PWL  OPERATOR  MULTIPLICATION. 
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K.  SOLUTION  OF  WL  OPERATOR  EQUATIONS 

Ibe  edgebra  of  FWL  operators  is  slmileir  to  ordinary  matrix  algebra 
In  that  addition  Is  associative  and  coanutatlve,  and  multiplication  Is 
associative  but  not  commutative.  However,  there  Is  one  Importeuit  dif¬ 
ference—  the  distributive  law  holds  from  both  sides  for  matrices,  but  It 
holds  only  from  the  right  for  PVTL  operators.  Some  of  the  same  technlq,ues 
that  are  vised  for  solving  matrix  equations  cam  be  used  for  solving  EVL- 
operator  equations,  but  the  fact  that  the  distributive  law  does  not  hold 
from  the  left  makes  It  difficult  or  impossible  to  solve  certain  PWL- 
operator  equations. 

Ihe  Inverse  of  the  product  of  two  IVL  operators  Is  the  product  of 
the  Inverses  taken  In  reverse  order  Just  as  Is  true  for  matrices.  If 
we  replace  A  by  AB  in  Eq.  (^),  we  obtain 

(AB)  (AB)"^  .  I 

Premultiplying  both  sides  by  A’^  and  then  by  B"^  yields 

(AB)"^  -  B"V^  (61) 

As  an  example  of  the  solution  of  a  FWL  operator  equation,  consider 
the  following  equation  which  Is  to  be  solved  for  X: 

A(X  +  B)  -  X  +  C  (62) 

Svdbtractlng  (X  B)  fron  both  sides  yields 

A(X  +  B)  -  (X  +  B)  -  C  -  B 

We  now  apply  the  right  distributive  law  to  factor  out  (X  -t-  B), 

(A  -  I)  (X  +  B)  -  C  -  B 

Premultiplying  both  sides  by  (A  -  l)~^  and  subtracting  B  yields 

X  -  (A  -  I)"^  (C  -  B)  -  B 
-6l  - 


Further  examples  of  techniques  for  the  solution  of  FWL-operator  equations 
are  given  In  Chapters  IV  and  V. 
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IV.  SOLUTION  OF  A(X  +  I)  »  BX  +  C 


As  vlll  be  seen  in  the  next  chapter^  eg.uatlons  that  cw  be  reduced 
to  the  form 

A(X  +  I)  *  BX  +  C  (63) 

occur  frequently  in  the  solution  of  resistive  networks  that  contain 
three  or  more  PWL  resistors.  Because  of  the  Importance  of  this  equation, 
considerable  time  and  effort  was  devoted  to  its  solution.  If  the  left 

V' 

distributive  law  were  valid  for  PWL  operators,  it  would  be  easy  to  solve 
Eq.  (63)  in  terms  of  the  basic  operations  that  were  defined  in  Chapter 
III.  From  the  slmileurity  of  this  equation  smd  Eq.  (62),  it  appears  that 
solution  might  be  possible  by  some  clever  change  of  variables  or  rear> 
rangement  of  terms.  Unfortunately,  all  attempts  to  solve  Eq.  (63)  in 
terms  of  the  basic  operations  have  failed;  therefore,  it  was  necessary 
to  devise  special  methods  for  its  solution.  Dils  equation  has  been 
solved  by  graphical  methods,  by  an  iterative  procedure,  and  by  splitting 
one  of  the  PWL  operators  into  sections. 

A.  EQUIVALENT  FORMS  OF  THE  BASIC  EQUATION 

Eq.  (63)  can  be  written  in  a  nuaber  of  equlved.ent  forms.  Post- 
mxiltiplying  both  sides  of  Eq.  (63)  by  x”\  we  obtain 

A(I  +  X"^)  *  B  +  CX"^ 

If  we  could  solve  this  equation  for  X"^,  we  could  solve  the 
equation  for  X.  Substituting  Y  =-(X  +  l)  into  Eq.  (63),  we 

A(-Y)  =  B(-Y-I)  +  C 

Using  Eq.  (50),  this  becomes 

B(Y  +  I)  .  A(Y)  -  C  (65) 

which  is  of  the  same  form  as  the  original  equation.  Varloiis  changes  of 


(64) 

original 

obtain 
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variable  can  be  made  In  an  attempt  to  find  an  equivalent  equation  that 
Is  easier  to  solve.  Unfortunately,  such  attempts  often  result  In  an 
equation  which  reduces  to  the  original  form.  For  example,  If  we  substi¬ 
tute  B  ■\c  for  X  and  then  postmultlply  both  sides  of  the  eqiiatlon  by  C~^, 
we  obtain 

A(B"^  +  C'^)  =  Y  +  I 

or  A"^  (Y  +  I)  =  B"^  +  C”^  (66) 

If  we  let  both  sides  of  Eq.  (63)  operate  on  the  variable  1^  and  then 
let  X(l^)  =  Igi  we  obtain 

A(l2  +  ^^)  -  BClg)  +  C(l^)  (67) 

Solving  this  equation  for  the  relation  between  I2  end  1^  Is  equivalent 
to  solving  the  original  equation  for  the  unknown  IVL  operator  X. 

B.  SOLUTIONS  FOR  FIRST-ORDER  FWL  OPERATORS 

Eq.  (63)  Is  easy  to  solve  when  any  one  of  the  three  FWL  operators, 

A,  B,  or  C,  Is  of  first  order  because  It  is  then  possible  to  use  the 
left  distributive  law. 

If  A  .  (a^,  a^), 

A(X  +  I)  «  AX  +  ag  =  BX  +  C 

and 

X  -  (A  -  B)‘^  (C  -  ag)  (68) 

If  B  =  (b^,  bg), 

A(X  +  I)  »  B(X  +  I)  +  C  -  bg 

and 

X  *  (A  -  B)"^  (C  -  bg)  -  I  (69) 


-  64  - 


If  C  =  (c^,  Cg),  from  Eq,.  (64)  we  obtain 
A(X"^  +  I)  =  C(X”^  +  I)  +  B  -  Cg 

=  (A  -  C)"^  (B  -  Cg)  -  I 

and 

X  »  [(A  -  C)’^  (B  -  Cg)  -  (TO) 

If  all  three  operators  sure  first  order,  Eq.  (63)  becomes 
(»!>  ^2^  (X  +  I)  =  (b^,  bg)  X  +  (cp  C2) 

from  which 


C.  GRAPHICAL  SOLUTIONS 

Equation  (67)  can  be  solved  graphicsdly  to  obtain  the  relation  be¬ 
tween  and  ig.  For  a  fixed  value  of  we  can  rewrite  Bq.  (67)  in 
the  form 

+  ig)  =  B[(l^  +  ig)  ^  1^]  +  C(lj^)  -  B'(i^  +  ig) 

where  B'  depends  on  i^^.  The  B'  curve  is  obtained  by  shifting  B  an 
amount  1^  to  the  right  and  an  amount  C(lj^)  upward.  The  intersection  of 
A(ii  +  ig)  and  B'(ij^  +  ig)  determines  the  value  of  ij^  +  ig  that  corre¬ 
sponds  to  the  given  value  of  1^  as  shown  in  Fig.  28.  If  1^  is  edlowed 
to  vary  continuously,  this  corresponds  to  shifting  the  origin  of  B 
along  the  C  curve.  Ihis  shift  can  best  be  accomplished  by  plotting  B 
on  a  transparent  overlay,  which  is  placed  over  a  plot  of  A  and  C.  The 
value  of  1^  is  equal  to  the  ainoui.b  that  the  origin  of  the  B  curve  has 
been  shifted  to  the  right,  smd  the  corresponding  value  of  ig  is  equal 
to  the  horizontal  distance  between  the  shifted  origin  suid  the  inter¬ 
section  of  A  and  B' .  In  order  to  determine  completely  the  X  curve  that 
relates  ig  to  i^,  it  is  necessary  only  to  reewi  off  the  values  of  ig  and 
ij^  at  the  breakpoints  and  at  one  point  on  each  end  segnent.  X  has  a 
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riG.  ai.  DBimmiiincN  or  a  foot  on  rm  mumeiL  aaxnm. 


breakpoint  whenever  the  origin  of  the  ehifted  B  curve  liee  over  a  break¬ 
point  of  C  or  whenever  a  breakpoint  of  A  or  B*  lies  at  the  intersection 
of  A  and  B* .  Pig.  29  illustrates  this  process  for  the  equation 


To  get  a  "feel"  for  the  process,  it  is  suggssted  that  the  reader  plot  B 
on  a  transparent  overlap,  slide  it  along  C,  and  note  where  it  intersects 
A.  The  positions  of  B  that  datemine  the  breakpoints  of  X  are  indicated 
with  dashed  lines,  and  the  corresponding  origins  of  the  B  curve  are 
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Indicated  with  heavy  crosses.  To  form  X  in  hreedcpoint  form,  the  veilues 
of  i^  and  i^  that  are  read  off  the  graph  at  the  breakpoints  are  listed 
in  order,  and  then  X  can  be  converted  to  slope -intercept  form  if  desired. 

To  verify  that  the  solution  is  correct,  we  substitute  X  back  into  Bq.  (72): 


In  this  example,  the  breakpoint  of  B  Intersects  A  twice  as  B  is  slid 
along  C. 

For  a  given  vedue  of  i^,  the  shifted  B  cxuve  may  not  Intersect  the 
A  curve  at  all  or  it  may  Intersect  it  several  times.  Thus,  for  certain 
values  of  1^^^,  the  solution  curve  may  be  undefined  or  it  may  be  multi¬ 
valued.  For  the  network  of  Fig.  11a, 

V, .  [(1,-1) .  1  -  2vi)  *  di) 

(74) 
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X  Eq,.  (7^*^)  cem  be  reduced  to 


If  we  let  » 


(X  +  I) 


(75) 


Although  this  equation  could  be  solved  by  Eq.  (69),  we  will  use  the 
graphical  procedure  Instead  (Fig.  3^)*  As  the  origin  of  the  B  curve 
slides  along  C,  B  first  moves  up  throu^  positions  B^  and  B2  until  B^ 

Is  reached,  and  then  moves  down  again  through  positions  B^^  and  B^.  IMtll 
B2  Is  reached,  there  Is  only  one  Intersection  with  A,  but  between  B^  and 
B^#  there  are  three  Intersections,  euid  beyond  there  Is  only  one  Inter¬ 
section  again.  Thus,  X(lj^)  Is  triple-valued  for  -2  <  1^^  <  2  and  single¬ 
valued  elsewhere.  The  solution  has  two  distinct  branches  (the  solid 
curves  In  Fig.  31b).  If  we  multiply  this  solution  by  -1/2,  we  obtain  the 
curve  of  v^  vs.  1^  shown  In  Fig.  11c. 

If  better  accuracy  Is  needed  than  can  be  obtained  with  the  graphicad 
procedure,  Eq.  (71)  can  be  used  to  calculate  the  numerical  values  for 
each  section  of  X  after  the  appropriate  sections  of  A,  B,  and  C  have 
been  selected  graphically.  For  example,  to  calculate  the  first  section 
of  X  In  Fig.  30,  we  take 

a^)  .  (-2,  1/2)  (b^^,  bg)  -  (1,  -1)  (c^^,  C2)  =  (-1,  1) 

and  apply  Eq.  (71)  to  obtain  X^  »  (V3>  V3)/  which  checks  the  graphical 
solution. 

Since  the  basic  operation  involved  In  the  graphical  procedure  Is  the 
determination  of  points  of  Intersection  of  strai^t  lines.  In  principle 
It  should  be  possible  to  describe  the  procedure  in  such  a  manner  that  It 
C8UI  be  c€u:rled  out  numerically.  In  the  case  where  A,  B,  C,  and  X  are 
all  fflonotonlc  (as  In  Fig.  29),  the  numerical  procedure  Is  relatively 
stralghtforwau'd.  After  Eq.  (71)  has  been  used  to  calculate  a  section  of 
X  from  appropriate  sections  of  A,  B,  and  C,  a  simple  comparison  scheme 
Is  used  to  determine  whether  a  breaJcpolnt  of  A,  B,  or  C  will  be  en¬ 
countered  next.  When  some  of  the  curves  are  multi-valued,  the  decision 
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(b) 

FIG  31.  GRAPHICAL  SOUmON  OF  EQ.  (75) 
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rule  for  determining  the  successive  sections  of  k,  B,  and  C  that  are  to 
be  used  is  so  complicated  that  it  is  not  practiceil  to  fomulate  it  in 
detail.  For  this  reasoUi  the  graphiced  procedure  would  be  difficult  to 
adapt  for  use  with  a  digital  computer. 

D.  APPROXIMATE  SOLUTION 

The  basic  reason  that  Eq.  (63)  is  difficult  to  solve  is  that  the  left 
distributive  law  is  invalid.  If  we  had  an  approximation  to  the  left  dis¬ 
tributive  law,  we  could  obtsdn  an  approximate  solution  of  the  equation. 

We  would  like  to  obtain  an  approximate  distributive  law  of  the  form 

A(X  +  y)  «  A'(X)  +  A'(y)  (76) 

When  X  =  Y,  Eq.  (76)  becomes 

A(2X)  »  2A'(X) 

If  we  choose  A'  so  that  Eq.  (76)  is  exact  when  X  •>  Y,  we  obtain 

A'  .  (i-A-2)  .  (0,i)A(0,2)  (76a) 

Using  Eq.  (76)  to  find  an  approximate  solution  to  Eq.  (63),  we  obtain 

A(X  +  I)  *  BX  +  C  «»  A'(X)+A'  (77) 

and 

X  (A*  -  B)"^  (C  -  A') 

This  solution  is  exact  if  A  is  linear.  For  Eq.  (72), 


And  for  Eq.  (73)» 


V3,  1/3 
7/6,  1/6 
V3,  0 

11/6,  -1/6 

^8/3, -1/3, 


(79) 


In  these  two  exaiQles,  the  results  obtained  by  the  approxlaate  distribu¬ 
tive  law  are  very  close  to  the  correct  solution  as  shown  by  the  dashed 
lines  in  Pigs.  29b  and  30b. 

nxe  approximate  left  distributive  law  can  be  applied  to  the  approxi¬ 
mate  solution  of  more  cos^llcated  IVL  operator  equations.  The  results 
will  not  always  be  as  good  as  in  the  above  examples,  but  solution  curves 
of  the  correct  shape  will  gee  .rally  be  obtained. 


E.  ITERATIVE  SOLUTIOE 

After  an  approximate  solution  to  Eq.  (63)  has  been  obtained  by  using 
the  approximate  distributive  law,  this  approximation  can  be  improved  by 
using  an  iterative  procedure.  If  we  solve  the  left  side  of  Eq.  (63)  for 
X,  we  obtain 

X  -  B"^[A(X  +  I)  -  C]  (80) 

which  suggests  using  the  iteration 

-  B-^[A(Xj^  +  I)  -  C)  (81) 

where  Xj^  is  the  approxlauition  to  X. 

A  sufficient  condition  for  convergence  of  this  iteration  will  now  he 
derived.  Subtractliag  Eq.  (80)  from  Sq.  (8I)  yields 

-  X  -  B-^[A(Xj^  +  1)  -  C]  -  B"^[A(X  +  I)  -  C] 

If  A  and  B  cue  first  order,  the  distributive  law  of  Eq.  (^7)  can  be  ap¬ 
plied,  and 
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If 


and 


“l-h  %\ 

V 


(W  ■  *k)  -  (“'“sAs)  (*k  -  *) 


(82) 


Starting  with  an  initial  approximation  applying  Eq,.  (82)  n  times 
yields 


(X„  -  X) 


(X^  .  X)  (83) 


til  n 

In  words,  the  error  in  the  n  approximation  is  (ag/bg)  times  the  error 

in  the  initieil  approximation.  If  Jag/hgl  <  1,  (ag/bg)*^  0  as  n  oo, 

and  (X  -  X)  0.  If  X  and  X  are  defined  for  the  seme  range  of  inde- 
“  n  ^ 

pendent  vsuriable,  then  X^  •*  X.  Thus  for  any  reasonable  initial,  approxi¬ 
mation  to  X,  the  iteration  will  converge  if  |ag|  <  jb^l.  The  ratio 
jag/b^l  gives  some  measure  of  how  rapidly  the  iteration  will  converge. 

In  general,  the  smaller  the  ratio  jag/b^l  and  the  closer  the  inltieO.  ap¬ 
proximation,  the  more  rapid  will  be  the  convergence. 

We  will  now  consider  convergence  when  A  and  B  eure  of  hij^r  order. 

If  every  section  of  X  converges  to  the  correct  value,  then  X  must  con¬ 
verge  to  the  correct  value.  If  we  knew  which  sections  of  A  and  B  corre¬ 

sponded  to  each  section  of  X,  we  could  apply  the  above  procedure  to  test 
the  convergence  of  each  section.  However,  we  xtsually  do  not  know  which 
sections  of  A  and  B  correspond  to  a  given  section  of  X,  so  we  will  con¬ 
sider  the  possibility  that  any  section  of  A  might  be  paired  with  any 
section  of  B  during  the  csdculation.  Since  convergence  of  a  given  sec¬ 
tion  of  X  depends  on  the  ratio  of  the  slope  of  a  section  of  A  to  the 
slope  of  a  section  of  B,  the  worst  possible  situation  occurs  when  the 

slope  of  A  is  maximum  and  the  slope  of  B  is  mlnlmun.  Let  |r^  be  the 

maxlmim  absolute  value  of  all  the  slopes  of  A  and  let  bhe 

♦ 

It  wovild  not  be  reasonable,  for  example,  to  approximate  a  single -valued 
PWL  operator,  which  is  defined  for  eQ.1  values  of  1.,  by  a  multi-valued 
operator  defined  only  for  ij^  >  0.  In  this  case,  tne  iteration  would 
still  converge,  but  not  necessarily  to  the  correct  vedue. 


-  Ik  - 


minimum  absolute  value  of  all  the  slopes  of  B.  Then  if  <  l^sUin^ 

convergence  of  all  sections  of  X  is  assured,  provided  that  the  initial 
approximation  is  sufficiently  close.  The  iteration  ms^r  converge  in  some 
cases  even  if  |r. 1  >  |r^l  .  since  the  worst  combination  of  slopes 

will  not  necessarily  be  encountered  during  the  solution  of  a  problem. 

In  some  cases  where  the  iteration  of  Eq.  (8l)  fails  to  converge,  the 
following  iteration  may  be  used  instead: 

\+l  =  (B\  +  C)  -  I  (84) 


This  iteration  converges  if  iterations  of 

Eqs.  (81)  and  (84)  both  fail  to  converge,  a  similar  iteration  may  con¬ 
verge  for  one  of  the  equivalent  forms  of  Eq.  (63).  For  example,  if  we 
solve  Eq.  (64)  for  X“^  by  an  Iteration  similar  to  Eq.  (8I),  the  roles  of 
B  and  C  are  Interchanged  so  the  new  condition  for  convergence  is 

Although  these  iterative  methods  are  cumbersome  to  carry  out  by  hand, 
they  are  well  svilted  for  use  with  a  digital  computer.  A  nvmber  of  ex¬ 
amples  of  Eq.  (63)  have  been  worked  on  the  Burroughs  220  using  the  itera¬ 
tion  of  Eq.  (81).  The  details  of  the  computer  programs  are  discussed  in 
Chapter  IX.  Several  different  Inltied  approximations  were  tried  for  each 
equation.  The  Inltle^  approxljnatlon  obtained  by  the  approximate  distri¬ 
butive  law,  Eq.  (77)^  generally  converges  most  rapidly,  but  in  many  exam¬ 
ples,  a  much  cruder  approximation  such  as  X^  =  0  converges  almost  as  fast. 
Since  the  InitleLL  and  flnsd  segnents  of  X  are  not  difficult  to  calculate, 
another  useful  initial  approximation  is  a  second-order  IVL  operator  that 
agrees  with  the  initial  eind  final  segnents  of  X. 

The  equation 


(X  +  I) 


(85) 


has  I^A^ax^  ^^B^min  “  rapid  convergence  of  the  Iterative 

solution  may  be  expected.  Starting  with  the  initial  approximation, 

X^  =  0,  successive  approximations  and  X^  are  plotted  in  Fig.  32. 

Note  that  the  maximum  error  is  cut  in  half  with  each  iteration.  The 
final  solution. 
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nc.  32.  ITEKAnVC  SOUffICM  Of  EQ.  (>$). 


X 


“-6.7, -0.3 
-10/3,  0 

-1,  1 
0,  1 
10/3,  0 

7, -0.3 


30/101,  9/101 
10/7,  3/7 

1,  0 
1,  -0.3 
3/11,-9/110^ 


Is  obtained  correct  to  four  decimal  places  In  the  breakpoints  on  the  13^^ 
Iteration.  Similar  accuracy  Is  obtained  In  10  Iterations  when  the  Initial 
approximation  Is  calculated  by  the  approximate  distributive  law. 

For  Eq.  (72),  l^ALax^l^^B^min  “  with  the  Initial  ap- 

prpxlmatlon  of  Eq.  (78),  the  solution  converges  to  four-place  accuracy 
in  seven  iterations,  and  starting  with  =  0,  nine  iterations  sure  re¬ 
quired.  For  Eq.  (73),  the  Iteration  converges  for  all  sections  of  X  ex¬ 
cept  the  last  one.  For  this  section,  Tj^/r^  ■  -1.  Stsurting  with  the  ap¬ 
proximation  of  Eq.  (79),  after  1^  iterations  the  solution  oscillates 
between  the  values 


-  -4,  0  - 

"  -4,  0 

-1,  1 

-1,  1 

2/3,  V3 

and 

2/3,4/3 

3,4/3 

3,4/3 

5,  1 

11,  0 

_  n,  -1  _ 

A  slffllleur  oscillation  occurs  sifter  21  iterations  If  X  -  0  Is  used.  In 

o 

cases  like  this,  convergence  csm  be  obtsd.ned  by  applying  an  averaging 
procedure  after  each  iteration. 


F.  THE  SECTION  METHOD 

As  shown  In  Section  IV.  B,  Eq.  (63)  has  a  simple  solution  If  A,  B, 
or  C  is  of  first  order.  When  all  the  operators  are  of  hij^er  order,  it 
Is  possible  to  bresik  one  of  the  operators  into  sections,  solve  the 
equation  for  each  section,  detexmlne  the  region  of  vsd.ldlty  for  each  par¬ 
tial  solution,  and  then  patch  the  partial  solutions  together  to  form  the 
complete  solution. 
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If  C  Is  of  second  order  emd  single -valued,  we  can  shift  the  breedt- 
polnt  of  C  to  the  origin  by  a  change  of  variables  and  then  write  Bq.  (67) 
In  the  f  om  .  ^  ^ 

A(li  +  Ig)  =  BClg)  +  j  (Ij^)  (86) 

If  1^  <  0,  this  becomes 

k{i.^  +  Ig)  .  BClg)  +  (0,c^)  (1^) 


and,  by  Eq.  (70) 


-  [(A  -  (B  -  0^)  -  I]"^  {i^)  -  X^(lj^)  (87) 


Similarly,  for  1^^  >  0, 

I2  -  [(A  -  Cg)-^  (B  -  Cg)  -  1]“^  (1^)  -  Xg  (Ij^)  (88) 


If  X^(0)  andX.2(0)  are  single-valued 


*1  ( 

f\  (i^) 

If  ll  <  0 

If  1^  >  0 

(89) 

( 

:::  3  «.>  ■  i 

fXg  (0) 

If  Ij^  <  0 

If  ll  >  0 

(90) 

since  12(0)  »  X^(0)  »  X2(0),  we  can  express 

Ig  In  the  fom 

ig  »  X  (ii) 

■  h  y 

L  \o,  o> 

1  * 

C::)]  'V 

-  Xi(o)  (91) 

For  Eq.  (85), 


/  30/101,9/101  \ 
*1  »  ^  10/7,  3/7  j 


/10/7,  0  \ 

Xg  =  [  3/10  1 

\  3/11, -9/110  / 
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X  «  X 


1  (oii)  *  *2(0;  i)  -  VO) 


/30/101, 9/101  \ 

■  ( *  *  • 


1, 

1,  -3/10 

,3/11,-9/110, 


/10/3 


-(1,0) 


'30/101,  9/101 
10/7,  3/7 

1,  0 
1,  -3/10 
3/11,-9/110 


which  checks  the  result  obtained  by  the  Iterative  method. 


We  will  now  extend  the  above  procedure  in  order  to  solve  Eq,.  (63) 
when  C  Is  of  n  ”  order  and  single -valued.  We  can  separate  Eq.  (67)  Into 
a  series  of  n  eqviatlons,  each  valid  over  a  specified  range  of  1^: 

A  +  Ig)  -  B  (Ig)  +  (l^)  <  bj^  (k  -  1,2,  ...,n)  (92) 

where  Is  the  k^^  section  of  C  and  bj^  Is  the  k^^  breakpoint  of  C. 

The  solutions  to  these  equations  are 


^2  -  *k  ■  °k^  ■ 


(k  ■  1,2,  •••,n)  (93) 


where  Cj^  Is  the  slope  of  Cj^,  We  now  define 


"k-r  ° 

0,  1 
V  0 


m 


as  shown  In  Fig.  33<  ^  ^ 

single -valued 

at  and  bj^. 

Wi) 

^1  ^  \.l 

^  Sc  <‘l) 

m  t 

V‘i) 

\-l-  ^1  -  ^k 

\  -  ^1 

(95) 


since  12(^1^)  •  *k^^k^  “  ^k+l^^’k^'  ^2  expressed  In  the  fom 


n-1 


‘2  ■  *<4)  ■  I  *k  \  (‘1)  ■  I  <V 


(96) 


k.l 


k«l 
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FIG.  33.  PLOT  OP  Q|^. 

Ve  will  now  show  that  this  eq,uation  gives  the  correct  value  of  ig  for 
every  remge  of 

If  1  1  using  Eq.  (95)  obtain 

n  n-1 

*2  -I  \  <\>  *  -I  \  <’>») 

ksl  k>l 

n  n-1  n-1 

Sine.  ^  (1,^.^)  -I  (b^)  (b,^) 

k-J-fl  k-J  k«J 

Eq.  (96a)  reduces  to  i-  -  X  (l.),  which  is  the  correct  solution  for  the 

J  A 

specified  reuige  of  1^. 

For  Eq.  (72), 

X  =  +  Xg  Qg  +  -  X^  (b^)  -  Xg  (bg) 

/V2,  V2\/o,  1\  A  A  /-i.  “N  /T/3.  V3U,o\ 

-  3/4,7/20  I  0/  Mo,  2/  M  M 

V9/8.  7/8/  '  '  \2,  0/  \  3,  V2/\  / 
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which  checks  the  graphical  solution  of  Fig.  29. 

The  section  method  can  be  applied  directly  to  emy  eqviation  of  the 
fonn  of  Eq.  (63)  provided  that  C  is  single -valued  and  all  the  partial 
solutions  are  single -valued  at  the  breakpoints  of  C.  If  C  is  multi - 
valvied,  it  may  be  possible  to  apply  the  section  method  to  one  of  the 
equivalent  forms  of  Eq.  (63),  e.g.,  if  B  is  single -valued  Eq.  (64)  could 
be  used.  If  some  of  the  partial  solutions  are  multi-valued  at  the  break¬ 
points,  the  section  method  can  still  be  used,  but  the  partial  solutions 
must  be  combined  graphically  because  the  indicated  multiplications  in 
Eq.  (96)  cannot  be  carried  out.  As  an  example,  we  will  solve  Eq.  (7?) 
by  the  section  method.  The  partial  solutions 


(^1  <  0) 


>  0) 


are  plotted  in  Fig.  31  with  dashed  lines.  The  complete  solution  is 
formed  by  taking  for  i^  <  0,  and  Xg  for  i^^  >  0. 

The  section  method  has  also  been  programmed  for  a  digital  computer 
(see  Section  IX.  C.  4).  It  is  superior  to  the  iterative  method  because 
it  is  much  faster  and  there  are  no  problems  with  convergence. 
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G.  TRIVOLUTION 


Althouc^  Eq.  (63)  generally  cannot  be  solved  In  terms  of  the  basic 
operations,  it  can  always  be  solved  by  the  graphical  method,  and  In  most 
cases  the  equation  or  one  of  Its  equlvedent  forms  can  also  be  solved  by 
the  Iterative  method  or  by  the  section  method.  Since  the  operation  of 
solving  this  equation  occurs  frequently  In  the  solution  of  networks 
which  contedn  three  or  more  FWL  resistors.  It  Is  convenient  to  have  a 
name  and  symbol  for  the  operation.  We  will  write  X  =  A*B*C  as  a  syabol 
for  the  solution  ofA(X-(-I)  «BX  +  C,  and  since  there  sure  three  operands 
involved,  we  will  call  the  operation  trl volution. 

Trl volution  has  several  useful  algebraic  properties.  In  terms  of 
trlvolutlon,  the  solution  to  Eq.  (64)  Is  X“^  ■  A-iKJ^B.  Since  X  ■  A*B*C, 
we  have  the  relationship 


(A*B*C)"^  «  A*C*B 


(97) 


Prom  Eq.  (65), 


Y  --(X  +  I)  -  B  *  I  *  -C 
euid  substitution  of  A*6*C  for  X  yields 

A*B*C  +  I  «  -B  *  A  *  -C  (90) 


From  Eq.  (66), 


y  -  BXC’^  »  A'^*  B"^*  C"^ 


from  which 


B(A*B*C)  »  (A"^*  B"^*  C"^)C 


(99) 


If  Y  --(A*B*C), 

A(-Y  +  I)  »  B(-Y)  +  C  or  S(Y  -  I)  »  BI  +  C 


-  82  - 


Postmultlplylng  lay  (0,-1)  yields 


A(Y  +  I)  -  B  Y  +  C 

from  which  Y  -  I  *  B  *  C 

or  Y  =  -(A*B*C)  -  I  *  B  *  S’  (100) 

If  A,  B,  or  C  Is  first  order,  trlvolutlon  can  be  expressed  in  terns  of 
the  basic  operations.  For  example,  if  A  >  (a^,a2),  from  Eq.  (68) 

A*B*C  -  (A  -  B)"^  (C  -  ag)  (lOl) 

Trlvolutlon  would  not  be  a  very  vailuable  operation  if  it  could  be 
used  to  solve  only  one  fom  of  equation.  Fortunately,  In  combination 
with  the  basic  operations,  trlvolutlon  can  be  used  to  solve  many  other 
types  of  equations.  To  solve 

A(X  -  I)  -  BX  +  c  (loe) 

postmultlply  both  sides  by  (0,-1)  to  obtedn 

A(X  +  I)  -  BX  +  C 


from  which 


X  =  A  *  B  *  C 


(103) 


To  solve 


A(DX  -I-  E)  «  BX  C  (lOU) 

postmultlply  both  sides  by  e”^  and  replace  B  with  BD’^,  to  obtedn 

A(DXE"^  +  I)  »  BD"^  (DXE"^)  +  CE‘^ 
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from  which 


X 


d‘^(a  *  bd"^#  ce"^)e 


To  solve 


A(X  +  D)  =  B(X  +  E)  +  C 

we  first  rewrite  the  eqiiatlon  In  the  form 

A[(X  +  E)  +  (D  -  E)]  -  B(X  +  E)  +  C 

Since  Eq,.  (106)  has  the  same  form  as  Eq^.  (104),  we  can  solve  for  X 
by  Eq.  (10^),  which  yields 

X  -  [A  *  B  *  C(D  -  E)“^]  (D  -  E)  -  E 


Other  equations  can  be  solved  by  using  trivolution  two  or  more 
As  an  example,  we  will  solve 


B[A(X  -t-  I)  -  E  -t-  X]  -  C[A(X  -f  I)  -  E]  -t-  DX 


for  X.  Postmultlplylng  by  X*^  yields 

B[A(I  +  X"^)  -EX"^  +  I]  =  C[A(I  +  X"^)  -  EX"^]  +  D 


implying  trl volution  once,  we  obtain 

A(I  +  X"^)  -  EX"^  «  B*C*D 

Postmultlplylng  by  X  and  adding  E  to  both  sides  yields 

A(X  +  I)  =  (B*C*D)X  +  E 


(105) 


(106) 

•f  E 

(107) 

times. 
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from  which 


X  -  A  *  (B*C*D)  *  E 

Similarly,  X  =  (A*B*C)  w  D  *  E  is  the  solution  of 

A[(D  +  I)X  +  E  +  l]  »  B(DX  +  E)  +  C(X  +  l) 

Iftifortvinately,  thez«  are  many  FWL  operator  equations  which  cannot  be 
solved  by  using  trivolution  in  combination  with  the  basic  algebraic  opera¬ 
tions.  Such  equations  can  often  be  solved  using  a  combination  of  tri vo¬ 
lution  with  an  iterative  procedure.  As  will  be  shown  in  Section  V.  G., 
sets  of  simviltaneous  equations  which  occur  in  the  analysis  of  resistive 
PWL  networks  can  be  solved  by  using  tri volution  and  iteration. 
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V.  ANALYSIS  OP  RESISTIVE  PWL  NETWORKS 


FWL  operators  have  been  defined  to  represent  the  characteristic 
curves  of  PWL  elements,  aLLgebraic  operations  have  been  defined  for  PWL 
operators,  the  algebraic  properties  of  these  operations  have  been  studied, 
and  the  basic  techniques  for  solving  IVL-operator  equations  have  been 
discussed.  We  are  now  ready  to  apply  these  results  to  the  analysis  of 
resistive  PWL  networks.  Methods  for  obtaining  the  Input  and  transfer 
characteristics  of  series -parallel  PWL  networks  and  more  general  FWL  net¬ 
works  containing  one,  two,  or  more  FWL  resistors  will  be  studied. 


A.  SERIES -PARAUEL  NETWORKS 


The  v-1  characteristic  of  n  FWL  resistors  In  series  Is 

n 


R 


(108) 


where  Rj^  is  the  v-1  characteristic  of  the  k^^  resistor, 
i-v  characteristic  of  n  PWL  resistors  in  parallel  Is 

k-1 


By  duality,  the 


(109) 


where  G.  Is  the  1-v  characteristic  of  the  k 
k 


th 


resistor. 

the  v-1  characteristic  of  n  FWL  resistors  In  peurallel  is 


'k«l 


-1 


-1 


Tediing  inverses, 
given  by 


(110) 


The  Input  v-1  characteristic  of  any  series -parallel  network  that  Is  com¬ 
posed  of  FWL  resistors  can  be  fovud  by  using  the  above  equations  emd  In¬ 
version.  As  an  example,  the  series -pareO-lel  network  of  Fig.  ^a  will  be 
analyzed  by  FWL  operators.  The  i-v  characteristic  to  the  right  of  a-a' 
is  given  by 


06 


«  • 


The  v-1  characteristic  to  the  rlgjht  of  b-b'  is 


The  Input  v-1  characteristic  Is  then 


-1,1/2 
5,  2 
2,  1 
8/3, 1/3- 


-4 

-3  + 


/  0,  o' 
\-8/3,2/3^ 


which  checks  Eq.  (^). 

nie  iWL  ch8u:acteristic  of  the  network  of  Fig.  6c  can  easily  be  de¬ 
rived  In  terms  of  fVL  operators.  Qbe  i-v  cheuracterlstlc  of  Fig.  6a  is 


/6,6\  /  0,0\ 
■3  Ho,0/  *  [-6,61 


(Vi) 


The  termlned  current  and  voltage  in  Fig.  6c  sure  related  to  1^  and  v^^  by 


Ig  *  “  (A  -  I)  (v^) 


Vg  =  ij^  +  v^  =  (A  +  I)  (v^) 
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Solving  the  second  equation  for  and  substituting  in  the  first  yields 

ig  =  (A  -  I)  (A  +  I)-^  (vg) 

/  6,  2\  /  6,  4\  ^  /  6,  2\  1-1/2,  1/4 \ 

«  0,-4  0,-2  (v)  =  0,-4  0,-l/2  (v  ) 

\-6,  2/  \-6,  4/  \-6,  2/  ^  H  3/2,  1/4/ 

Carrying  out  the  indicated  multiplication,  we  obtain 

/  3,1/2  \ 

i2  =  0,  2  (v^) 

\ -3,1/2/ 


which  checks  the  result  given  in  Fig.  Sd. 

Many  of  the  simple  rules  for  working  with  linear  resistive  series- 
parallel  networks  have  IVL  analogs.  For  the  volteige  divider  of  Fig.  34, 
the  input  voltage  is 

V  =  Vi  +  Vg  =  (i)  +  Rg  (1)  =  (R^  +  Rg)  (i) 

Solving  for  i  yields 


i  =  (R^  +  Rg)’^  (v) 


The  output  voltaige  is 

V2  =  Rg  (i)  =  Rg  (Rj^  +  Rg)'^  (v)  (111) 

If  R^  £md  Rg  are  linear,  this  equation  reduces  to  the  familiar  voltage- 
divider  rule 


V 


2 


r 


2 


ri  +  rg 


V 
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FIG.  34.  PWL  VOLTAGE  DIVIDER. 

For  computationeG.  purposes,  the  transfer  characteristic  for  the 
voltage  divider  of  Fig.  3^  csm  be  rewritten  as 

+  Rg)"^  =  [(Ri  +  R2)R2'^]‘^  =  +  I)'^  (112) 

Given  numerical  values  for  R^^  «uid  R^^  the  latter  eaqpression  is  easy  to 
evaluate.  For 

/ -1,1/2  \ 

R^  -  ^-1,  ij  and  Rg  =  ^-2,  2  j 

we  obtain 


and 

/-l,3/2\  /2/3,2/3\ 

(R^Rg'^  +  I)  =  ^-1,  2j  (R^R2"^  +  I)  =^l/2,l/2  j 
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B.  INPUT  AND  TRANSFER  CHARACTERISTICS  OF  PML  LADDIR  NETWORKS 


The  Input  and  transfer  characteristics  of  FWL  ladder  networks  ceua  be 
found  by  applying  standard  ladder -network  techniques.  Consider  the  gen¬ 
eral  FWL  resistive  ladder  network  of  Fig.  3^  with  the  v-i  characteristics 
of  the  series  branches  represented  by  the  IWL  operators  R^^,  Rg,  R^^, 

and  the  i-v  characteristics  of  the  shunt  branches  represented  by 
Gi,  Gg,  ...,  G^.  The  analysis  proceeds  as  follows: 

■  °1  ‘''o> 

\  “  ^1  ^^1^  ^o  “  ^^o^ 

ig  -  Gg  (v^)  +  i^  *  t®2^Vl 

Vg  =  Rg  (ig)  +  °l^  ^A  ^^o^ 

and  so  on. 

At  the  (n-1)  step,  we  have  expressed  and  in  terns  of  v^.  If 

i  ,  =  A(v  )  and  v  ,  =  B(v  ),  then  the  n"^^  step  is 
n-1  '  0  n-1  o" 


i  »  G  (v  ,)  +  i  ,  -  (G  B  +  A)  (v^) 
n  n  '  n-1  n-1  n  '  '  o' 


(113) 


■^n  *  "^n  1  “  +  A)  +  B]  (v  )  (llU) 

n  n  n  n-x  n  n  o 

which  expresses  the  transfer  characteristic  of  the  ladder.  Eliminating 


FIG.  35.  GENERAL  P«L  LADDER  NETWORK 
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from  Eqs.(ll3)  and  (ll4)  gives  the  input  v-i  cheuracteristic  as 
\  ^°n®  A)  +  ^^n^ 


1  1 

»  [Rn  +  B  (G^B  +  A)’-^]  (i^^)  -  [R^  +  (G^  +  AB"")  ]  (i^^) 

(115) 

[Hie  above  analysis  shows  that  the  input  and  transfer  characteristics 
of  any  resistive  IVL  ladder  network  can  be  calculated  in  terms  of 
operators . 

C.  THE  BRIDGE  NETWORK 

Non-series -parallel  IVL  networks  are  generally  more  difficult  to 
analyze  than  series -peursdlel  networks.  The  bridge  (Fig.  36),  which  is 
the  simplest  non-series-parallel  network,  will  be  analyzed  for  vcurlous 
combinations  of  llneeur  and  IVL  resistors.  Vfhen  the  bridge  is  balanced, 
1^  ■  0,  and  v^  *  v^.  Using  the  voltage  divider  formula,  Bq.  (112), 

Vi  -  +  1)”^  (v) 

and 

Vg  -  (B^Rj^’^  +  1)“^  (v) 

Equating  v^  wd  v^  gives  the  equation  of  balance  as 

(RlRg'^  +  I)’^  (v)  -  (R3R4"^  +  I)'^  (v) 
or 

RlRg"^  * 

The  unbalanced  bridge  is  easy  to  solve  in  certedn  cases.  If  R^  and 
two  adjacent  arms  are  linear,  a  delta-wye  or  wye-delta  transformation 
can  be  performed  on  the  linear  peu:t  of  the  network  to  reduce  the  bridge 
to  a  series -parallel  network.  If  R^  and  an  adjacent  arm  are  IVL,  such  a 
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I 


transformation  Is  impossible  and  it  is  necessEury  to  write  loop  or  node 
equations  in  order  to  einalyze  the  network.  Ihe  v-i  characteristic  of  a 
diode  bridge  network*  (Fig.  37)  will  be  derived  as  an  example. 


FIG.  37.  A  DIODE  BRIDGE  NETWORK. 

*» 

The  equations  for  the  indicated  loops  are 


where 


(Rl  +  3)  (ij^)  +  Sig  -  i  -  0 

31^^  +  (Rg  +  4)  (ig)  -2i-  0 


and 


(116) 

(117) 


♦  L 

stern  [Ref.  5,  pp.  20-23]  analyzes  this  same  network  using  0  trans¬ 
formations. 

♦♦The  loops  have  been  chosen  so  that  each  PWL  resistor  is  traversed  by  a 
single  loop  current. 
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The  Input  voltage  Is  given  by 


V  »  2i  -  -2I2  -  R(i)  (118) 

If  we  substitute  X(i)  for  and  Y(l)  for  Ig  in  Eqs.  (II6),.  (II7),  and  (118), 
and  then  cancel  1,  we  obtain  three  simultaneous  FWL  operator  equations: 


(Rj^  +  3)X  +  3Y  -  I  -  0 

(119) 

3X  +  (Rg  +  4)Y  -  21  »  0 

(120) 

R  a  21  -  X  -  2Y 

(121) 

To  solve  these  equations  for  R,  we  first  use  Eq.  (121)  to  eliminate  Y 
from  Eq.  (119)  and  X  from  Eq.  (120),  obtaining 

(Rj^  +  3/2)X  +  21  -  (3/2)R  *  0  or  (SR^  +  3)X  -  3R  -  4 

(Rg  -  2  )Y  +  4l  -  3R  .  0  or  (Rg  -  2)Y  «  3R  - 

Next,  we  solve  these  equations  for  X  and  Y  respectively  and  substitute 
Into  Eq.  (121)  to  obtain 

(R  -  2)  +  (2Rj^  +  3)"^  (3R  _  4)  +  2(Rg  -  2)"^  (3R  -  4)  -  0  (122) 
Observing  that 

(R  -  2)  -  1/3  (3R  -  4)  -  2/3 

emd  applying  the  right  distributive  law,  Eq.  (122)  can  be  rewritten  as 
[1/3  +  (2R^  +  3)'^  +  2  (Rg  -  2)‘^]  (3R  -  4)  -  2/3 
Solving  this  equation  for  R,  we  obtedn 
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R  -  1/3  {[1/3  +  (2R^  +  3)"^  +  2(R2  -  2)"^]  ^  .  2/3  +  4}  ^123) 

Ubls  equation  can  be  evaluated  for  the  given  values  of  and  Rg  as 
follows : 


The  resulting  HfL  operator  represents  the  Input  v>l  characteristic  of 
the  diode  bridge  network. 

Figure  38a  shows  a  bridge  network  with  three  WL  eleaents.  To 
facilitate  analjrsls  of  this  network,  the  voltage  source  is  replaced  with 
two  pcurallel  sources  (Fig.  36b),  and  then  these  sources  are  tranaforaed 
to  current  sources  (Fig.  33c).  In  the  final  network,  R^  is  the  parallel 
cQBblnatlon  of  r^  and  Rg,  and  Rj^  Is  the  parallel  coablnatlon  of  r^  and 
Rj^.  The  voltage  around  the  loop  Is 

R5  (15)  ♦  Ru  [(^^3)  ♦  ^5^  -  -  0 

When  this  equation  Is  solved  to  obtain  the  relation  between  1^  and  v, 
the  other  voltages  euid  currents  In  the  network  can  be  expressed  as 
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functions  of  v.  Substituting  Y(i^)  for  v,  we  obtedn  the  PWL  operator 
equation 

R4  {“  Y  +  I)  -  Rg  ^  ■  ^5 

The  change  of  variable,  Y  ■  (r^  +  r2)X  +  r^^,  reduces  this  to  the  fom 

r  r 

K  +  jj)  (X  +  I)  »  Rg  (1  +  pj)  X  - 

which  can  be  solved  for  X  by  trlvolutlon.  An  example  of  the  solution  of 
a  bridge  network  with  four  IVL  elements  Is  given  in  Section  V.  H. 

D.  RESISTIVE  FWL  NEOKm  WITH  ONE  FWL  RESISTOR 

In  the  preceding  sections,  we  have  seen  that  It  Is  always  possible 
to  analyze  series -parallel  IVL  networks  in  terns  of  IVL  operators  and 
that  solutions  can  also  be  obtained  for  simple  non -series -parallel  net¬ 
works.  We  will  now  try  to  detemlne  what  class  of  resistive  FWL  networks 
can  be  anedyzed  by  PWL  operators  and  formulate  a  general  method  of 
analysis.  We  will  start  by  deriving  the  Input  v-1  characteristic  for  a 
linear  resistive  network  that  contains  one  IVL  resistor  ljid>edded  In  It. 

To  facilitate  the  analysis,  the  linear  part  of  the  network  is  separated 
from  the  IVL  part,  eind  the  network  Is  redrawn  as  a  linear  two-port  ter¬ 
minated  In  a  FWL  resistor  (Fig.  39) > 


FIG.  sa.  A  BRIDGE  WITS  TIRES  PWL  RESIfTORE. 
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FIG.  39.  GENERAL  RESISTIVE  NETWORK  WITH 
ONE  PWL  RESISTOR. 

This  procedure  permits  part  of  the  work  to  be  done  on  the  linear  portion 
before  the  nonlinear  portion  Is  considered.  The  two -port  may  contain  de¬ 
pendent  sources  and  non -reciprocal  elements  Just  as  long  as  it  Is  linear. 

The  two -port  can  be  described  by  its  z -parameters,  and  the  terminal  be- 

* 

havlor  can  be  expressed  by  the  equations 


^  •  *11^1  ’  "12^2 


"^2  “  *21^1  ■  *22^2  “  ®^^2^ 


(124) 

(325) 


Solving  the  second  equation  for  Ig  and  substituting  In  the  first  equa¬ 
tion,  we  obtain 


Ig  «  (Rg  +  *22^"^  *21^^!^ 

^1  •  *11^1  -  "12(^2  ^  *22^"^  "21  (^1) 

*  (*11  ■  ^12  '^2  *22^  ^21^  ^^1^  (127) 

As  a  partleJ.  check  on  this  result,  note  that  when  Rg  Is  llneair  the  above 
equation  reduces  to  the  correct  form 


* 

The  minus  signs  result  from  the  choice  of  reference  directions  for  the 
currents. 
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As  Eui  example,  we  will  apply  Eq..  (127)  to  determine  the  Input  char¬ 
acteristic  for  the  network  of  Fig.  40.  For  this  network. 


^11  "  *12  “  *21  “ 


u  3^ 
(R  +  Zgg)  *  (  5/2 


*11  -  *12  ^®2  +  *22^'^  *21 


22 


2, 


(R  +  ^22)' 


=  3  - 


0,  1/3 
-2/5,  2/5 


This  same  resvilt  could  also  be  obtained  by  a  series -parallel  analysis. 

The  transfer  characteristic  that  relates  any  two  voltages  in  a 
linear  resistive  network  with  one  FWL  resistor  can  also  be  found.  If  we 
add  a  third  port  to  the  linear  network  of  Fig.  39  and  set  i^  »  0,  the 
terminal  behavior  of  the  network  is  now  described  by  Eq.  (124),  Eq.  (125), 
and 


*31  ^1 


*32  ^2 


(128) 


From  Eq,  (127), 

ll  -  -  *12  ^^2  *  *22^'^  ®21^"^  ^"^l^ 


Substituting  Eqs.  (126)  and  (129)  Into  Eq.  (128),  we  obtain  the  desired 
transfer  characteristic  as 


FIG.  40.  EXAMPLE  OP  A  NETWORK  WITH  ONE  PWL  RESISTOR. 
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E.  PML  NETWORK  WITH  WO  PWL  RESISTORS 


A  llneEur  resistive  network  with  two  PWL  resistors  Imbedded  In  It  can 
be  analyzed  in  a  manner  similar  to  that  with  only  one  PWL  resistor.  The 
network  is  first  redrawn  as  a  linear  three-port  terminated  in  two  FWL 
resistors  (Fig.  4l)  and  the  termineJ.  relations  for  the  network  are  ex¬ 
pressed  in  terms  of  the  z -parameters  by  the  equations: 


■^1  “  ^11  ^1  ■  ^12  ^2  ■  *13^3 


■^2  “  ^21  ^1  ■  ^22  ^2  "  *23  ^3  “  ^2  ^^2^ 

"^3  “  *31  ■  *32  ^2  ■  *33  ^3  “  *^3  ^^3^ 


Combining  the  last  two  equations  gives 


*21  *31  ^1  *  *31  ^^2  *22^  ^^2^  *31  *23  ^3 


*21  ^^3  *33^  ^^3^  *21  *32  ^2 


Solving  this  equation  for  i^  yields 

I3  =  [^21  (^3  +  ’^33)  -  *‘31*23^  ^*31^^2  *22^  ■  *21  *32^  ^^2^ 


(131) 

(132) 

(133) 


=  A  (l^) 


Substituting  A  (12)  for  1^  in  Eq. 
and  solving,  we  obtain 


1 


i 


2 

3 


+  z 


22 


+  z 


33 


(132)  and  A"^  (i^)  for  ig  in  Eq.  (133) 
+  Zg^  A)  Zgl^i^) 


from  which 
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where 


PIG.  41.  GENEML  RESISTIVE  NETWMIC  RITH 
TVO  PtL  RESISTORS. 

Evaluation  of  this  expression  for  given  values  of  the  constants  may  be 
valrly  laborious.  In  the  special  case  where 

which  Includes  edl  reciprocal  networks,  a  simpler  equation  for  the  FWL 
Input  liqwdance  can  be  derived.  Following  a  procedure  slizllar  to  that 
used  to  solve  the  diode  bridge  network  (Fig.  37 )»  ceui  show  that 


Evaluation  of  this  expression  requires  only  one  addition  of  two  higher- 
order  PWL  operators  compeu^d  with  three  culdltlons  and  one  multiplication 
for  Eq.  (13**).  Voltage -transfer  characteristics  for  the  resistive  net¬ 
work  with  two  FWL  resistors  can  also  be  found  by  an  extension  of  the 
procedure  used  In  Section  V.  D. 
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F.  PML  NETWORK  WITH  THREE  PWL  RESISTORS 


In  Sects.  V.  D.  and  V.  E.,  general  methods  of  analyzing  resistive 
PWL  networks  that  contain  one  or  two  PWL  resistors  have  been  derived.  If 
possible,  we  would  like  to  genereJ-ize  this  procedure  to  three  or  more 
PWL  resistors.  Unfortmately,  attempts  to  do  this  lead  to  PWL  operator 
eq^uations  that  cannot  be  solved  in  terms  of  the  basic  operations  of  ad¬ 
dition,  subtraction,  multiplication,  and  inversion,  so  trivolution  and 
iterative  procedures  must  be  used. 

For  purposes  of  determining  the  PWL  input  characteristic,  a  linear 
resistive  network  that  contains  n  PWL  resistors  imbedded  in  it  can  be  re¬ 
drawn  as  a  linear  (n+l)-port  terminated  in  n  PWL  resistors  (Fig.  42). 


As  long  as  it  is  linear,  the  (n+l)-port  may  contain  dependent  sources  or 
other  non-reciprocaO.  elements.  When  d-c  sources  eu:e  present  in  the  (n+l)- 
port,  equivalent  sources  may  be  brought  out  at  the  terminals  and  com¬ 
bined  with  the  PWL  elements. 

Instead  of  describing  the  terminal,  characteristics  of  the  (n+l)-port 
by  z -parameters  that  relate  the  v's  to  the  i's,  it  is  more  convenient  to 
choose  the  voltages  and  currents  at  some  of  the  ports  as  independent 
variables  and  express  the  remaining  voltages  and  currents  in  terms  of 
these  variables.  For  n  =  3>  we  choose  v^,  i2/  independent 

variables  Eind  then  express  v^,  i^,  v^,  and  i^  in  terms  of  these  varia¬ 
bles  by  the  equations. 


-  100 


v_  +  a__  V-  +  b„  i_  +  1_ 

0  02  2  03  3  02  2  03  3 


vi  -  a^  vg  +  a^3  V3  +  ±2  +  b^  ±3 


^0  “  °02  ^2  ^  °03  ^3  ^  ^02  ^2  ■*■  *^03  ^3 


il  “  ®i2  "^2  °13  ^3  *^12  ^2  ■*■  ^13  ^3 


(136) 


The  coefficients  are.  In  a  sense,  a  genercdlzatlon  of  the  ABCD-parameters 
that  are  used  to  describe  two -ports.  These  coefficients  can  be  ceilcula- 
ted  directly  from  the  Unecu:  network  or  esqpressed  In  terns  of  the  z- 
paraneters. 

We  will  now  fomulate  the  equations  for  finding  the  Input  FWL  char¬ 
acteristic  of  a  linear  four -port  terminated  In  three  FWL  resistors.  We 
can  eliminate  the  voltages  from  Eq.  (I36)  by  the  substitutions 


^0  *  *0  ^^0^"  “  ®1  ^2  “  ®2  ^^2^^  ^^3  “  ^3 


where  R^,  and  R.  are  the  Impedances  of  the  three  FWL  resistors,  and 
Rq  Is  t 
obtadn 


Rq  Is  the  desired  Input  Impedance.  Performing  these  substitutions,  we 


^0  “  ^*02  **2  ^02^  ^^2^  ^®03  **3  ^*03^ 


(137) 


“  **0^^°02  ^2  *^02^  ^^2^  ^°03  *^3  *^03^  ^^3^^ 


Vi  -  (a^  Rg  +  b^)  (Ig)  +  (a^  R3  +  bj^3)  (I3) 


Rj^ECcjg  Rg  +  d.j  p)  (Ig)  +  ^^13  ^3  ^  *^13^  (^2^^ 


(138) 


To 


simplify  these  equations,  we  let  I3  «  ^(12) 


^Jk  *  *Jk\  ^Jk 
®Jk  •  ®jk\ 


"  vi 


(J  -  0,1;  k  -  2,3)  (139) 
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After  performing  these  substitutions  and  cancelling  we  obtedn 

^0  ^^02  ®03  “  ^02  ^03  ^  (^^0) 

%  ^®12  ®13  “  ^12  ■*•  ^13  ^ 

Using  Eq,.  (10^),  we  ceui  express  the  solution  to  Eq.  (l^l)  In  terms  of 
trlvolutlon  as 


Q  =  3^3-^  (Rj^*  ^13^13'^  *  ^12^12’^^  ^12 

From  Eq.  (l^O),  the  desired  input  Impedance  Is 

'o  ■  'V  *  v  “>  *  ®03 

Thus,  by  using  trlvolutlon  in  combination  with  the  basic  operations,  we 
can  find  the  IVL  Input  Impedance  of  any  resistive  network  that  contains 
three  IVL  resistors. 


G.  RESISTIVE  FWL  NEIVORK  WITH  N  FWL  RESISTORS 

When  n  is  odd,  the  llneeur  resistive  network  with  n  FWL  resistors 
(Fig.  42)  can  be  solved  by  eui  extension  of  the  procedure  used  for  n  ■  3< 
If  m  >  (n-l)/2,  we  choose  the  leist  m-t-1  voltages  and  currents  as  lnde> 
pendent  variables  end  express  the  other  voltages  and  currents  by  the 
matrix  equation 


To 


^o 


too 


.  .a_ 


mo 


...a 


mm 


c  . . .  c 

.00  c 


mo 


.  ..c_ 


^  •  s  s^ 

•00  on 

1 — 

L_ 

s 

s 

• 

s 

^mo*  * 

V' 

m 

d  seed 

•00  on 

1* 

.0 

s 

s 

• 

s 

d  seed 

mo  nmj 

1' 

m_ 

(144) 


where  v,'  =  v.  ,  and  1^ 
k  k-HB'fl  k 


k-KQ-l-l 


(k  =  0,1, . . . ,m) 
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The  sub-matrices  [a.,],  cem  be  determined  from 

the  impedance  matrix  of  the  linear  network. 

The  matrix  equation  represents  n  linear  equations.  We  eliminate  the 
voltages  from  these  equations  by  the  substitutions 


''j " 


v'=R,'(i')=R  ,(i‘) 

k  k'  k^  k-Hn+l'  k' 


( J  =  0^1^ . . .  ^m) 
(k  =  0,1, ...,m) 


to  obtain  m+1  equations  of  the  form 


m 


m 


j=  I  . 


k=o 


kso 


(1*^5) 


where 

^Jk  *  ®Jk^  ^Jk 
Sjk  -  "jk^  ^  *^Jk 


(J  »  0,l,...,m;  k  -  0,l,...,m)  (l46) 


If  we  make  the  substitutions 


li  .  x^(i;)  (k  =  0,1 . .) 

and  then  cancel  1',  we  obtain  m+l  IVL  operator  equations  of  the  fora 
o 

m  m 

1  V*k  *  "j  ( I  V*lc>  ‘J  ■ 

k=o  k=o 


where  =  I  and  the  remaining  Xj^'s  eu:e  unknown  PWL  operators.  Solving 
the  first  equation  (j  =  O)  for  R^,  we  obtain 


*  Except  for  some  changes  in  sign,  the  matrix  in  Eq.  (1^4)  is  the  same  as 
the  transmission  or  chain  matrix  of  the  network.  T^  relation  between 
the  transmission  matrix  euid  the  impedance  matrix  Is  dlscvissed  in  Bayard 
[Ref.  7]. 
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(148) 


The  m  unknown  X^^'s  can  be  found  by  solving  the  remaining  m  equations 
simultaneously  by  using  Iteration  emd  tri volution.  Rewriting  Eq,.  (14-7) 
in  the  form 

m  m 

Z  “  1,2,..., m) 

k*o  k»o  (149) 

(k/j)  (k,4j) 


we  can  use  Eq.  (10^)  to  solve  for  X..  We  have  now  demonstrated  that  the 
th  “ 

J  equation  can  be  solved  for  X^  in  terms  of  the  other  m-1  Thus, 

we  have  reduced  the  problem  to  solving  a  set  of  simultaneous  equations 
of  the  fom 


(150) 


To  solve  these  equations,  we  can  set  up  an  Iteration  of  the  fom 


*5*^  -  . <'>  '•>  ■ 

Jl  th 

where  XJ  is  the  k  approximation  to  Xj. 

A  genered  procedure  for  deriving  the  input  v-i  characteristic  of  a 
resistive  FWL  network  can  now  be  stated; 


1.  Whenever  possible,  select  two-terminal  sub -networks  that  contsdn 
FVL  resistors  and  reduce  each  sub -network  to  a  single  equivalent 
iVL  resistor. 

2.  When  all  such  simplifications  have  been  made,  redraw  the  network 
as  a  llneeir  n-fl-port  terminated  in  n  FWL  resistors. 

3.  If  n  is  odd,  determine  the  matrix  of  coefficients  in  Eq.  (l44)  and 
then  calculate  the  Rjjj's  Sjj^’s  by  Eq.  (146). 

4.  Write  m  «  (n-l)/2  simultaneous  equations  of  the  fom  of  Eq.  (149). 

Solve  these  eqiiations  using  an  iteration  of  the  fora  of  Eq.  (1^1) 
and  then  calculate  by  Eq.  (148). 
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A  similar  procedure  has  been  derived  for  n  even.  In  this  case,  the  prob¬ 
lem  reduces  to  the  solution  of  n/2  simulteuieous  IVL-operator  equations. 

Ihe  derivation  In  this  section  serves  to  Illustrate  a  genereLl  ap¬ 
proach  to  the  anfdysls  of  resistive  IVL  networks.  We  have  shown  that  the 
analysis  of  a  network  with  n  FWL  resistors  cem  always  be  reduced  to  the 
solution  of  n/2  or  fewer  simultaneous  IVL-operator  equations.  The  gener¬ 
al  method  outlined  above  is  rather  cunbersome  to  use  and,  for  the  solu¬ 
tion  of  meuiy  IVL-network  problems.  It  Is  easier  to  formulate  a  special 
procedure  Instead  of  using  the  method  exactly  as  given  above. 

H.  EXAMPLES  OF  ITERATIVE  SOLUTIOMS 

Hie  bridge  network  of  Fig.  43,  which  has  four  IVL  resistors,  can  be 
described  by  the  loop  equations 

RgCij^)  +  R^(i^  +  1)  +  (ij^  -  ig)  =  0 

^3(^2)  +  V^2  ^^2  -  ^1^  •  0 

If  we  let  ij^  »  X(i)  and  ig  »  Y(i)  and  cancel  1,  we  can  rewrite  these 
equations  as 


Y  -(Rg  +  l)X  +  R^(X  +  I) 

(152) 

X  ^(R^  +  I)Y  +  R,^(Y  +  I) 

(153) 

If  we  eliminate  Y  by  substituting  the  first  equation  Into  the  second,  we 
obtain  a  IVL-operator  equation  in  X  which  we  do  not  know  how  to  solve, 
so  we  will  solve  Eqs.  (1^2)  and  (1^3)  with  eui  iterative  procedure. 

Using  trivolution  to  solve  Bq.  (152)  for  X  and  Eq.  (153)  for  Y  yields 

X  .  R^  *  -(Rg  +  I)  *  Y 

Y  =  Rj^  *  -(R^  +  I)  *  X 
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riG.  43.  BRIDGE  NETBORE  tITH  FOUR  PWL  RESISTORS. 


Ve  then  set  up  the  Iteration 

■  "l  *  *(®2  ♦  I)  •  d’**) 

W  -  'l.  *  -("s  ♦  («5) 

where  Is  the  approximation  to  X,  and  is  the  k^^  approximation 
to  Y.  It  can  he  shown  that  a  sufficient  condition  for  the  convergence 
of  an  iteration  of  the  form 

\.i  ■  *  *  ®  *  >1. 

’'k.i  ■  <=  *  ■>  • 

18  P  -  l-'.j  -  I  Mn  ■  I  ■'cj  -  ‘■ak  I  min 

Where  |r^  -  r^j^  |  is  the  minimum  value  of  [r^  -  r^j^  |, 

r^  is  the  slope  of  A,  and  is  the  k^^  slope  of  B. 
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For  the  network  of  Pig.  43, 


we  have 


For  these  values,  p  «  1^/2  and  convergence  Is  assured.  The  Iteration 
was  carried  out  on  the  Burroughs  220  Computer  (see  Section  IX.  D.). 
Starting  with  an  initieil  approximation  =  0,  the  iteration  converged 
to  fotir-decimeil -place  accuracy  in  six  iterations.  The  following  solu¬ 
tions  were  obtained 


-4.0000,  2.0000 
-2.4286,  1.2857 

-1.8571,  1.0000 
-0.5000,  0.5000 
0.6000,  0.2000 
3.0556,-0.5556 


-4.0000,  2.0000 
-2.4286,  1.4286 
-1.8571,  1.1429 
-0.5000,  0.5000 
0.6000,  0.0000 
4.0667,-2.0000 


The  input  PWL  resistance  to  the  network  is 


=  R^(X  +  I)  +  R^  (Y  +  I)  = 


-4.0000,-5.0000 

-2.4286,-3.1429 

-1.8571,-2.2857 
-0.5000,  0.0000 
0.6000,  1.6000 
4.0667,  5.7333 


(156) 


As  a  second  example,  we  will  derive  the  input  and  transfer  charac¬ 
teristics  of  the  bridged-tee  network  of  Fig.  44.  The  nodal  equations 
for  this  network  are 
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®2  °o  ^®2  ‘  ®1^  -  °2  ^®3  -  *2^  “  ° 


FIG.  44.  BRIDGED-TEE  NETWORK  WITH  FOUR  PWL  RESISTORS. 


If  we  replace  with  X(e^)  and  e^  with  Y(e^)  and  then  cancel  e^^,  we  ob¬ 
tain  the  PWL-operator  equations 

X  +  Gq  (X  -  I)  -  G^CY  -  X)  =  0  (157) 

(I  -  Y)  +  Gg  (Y  -  X)  .  0  (158) 

To  solve  Eq.  (157)  for  X,  we  first  rewrite  it  in  the  equivalent  form 

G2[(X  -  I)  +  (I  -  Y)]  =  G^(X  -  I)  +  I 

where  G^  =  G^  +  I.  Postmultiplying  by  (I  -  Y)’^  and  solving  for  (X  -  l) 
by  trivolution,  we  obtain 

(X  -  I)  =  [Gg  *  G;  *  (I  -  Y)"^]  (I  .  Y)  (159) 

Adding  Eqs.  (157)  and  (I58)  and  rearranging  terns,  we  obtain 

G^^  (-Y  +  I)  =  G^  (Y)  +  G^  (X  -  I)  +  X  -  ^  (-Y)  +  G^X  +  I 
Solving  for  -Y  by  trivolution  yields 

-K  -  =1  ♦  +  I)  (i«o) 
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On  the  basis  of  Eq,s.  (1^9)  (l60),  we  can  set  up  the  Iteration 


-  'O2  •  0;  •  (I  -  (I  -  +  I 


{  =  -[g  *  g  * 

^k+1  ‘•1  m 


K\.i  * ')! 


This  Iteration  was  carried  out  on  the  Burroughs  220  Computer  using  the 

t 

following  values  for  the  PWL  conductances 


0,  -.1 

r  -1 

-1,  -.1 

-.1,  0 

Gi  =  G2  = 

1,  0 

1.1,  1 

G  * 

0 

0,  0 

1,  1 

G  « 
m 

0,  1 

1,1.1 

Starting  with  the  Initial  approximation  *  (0,1/2),  the  Iteration  con 
verged  to  four -decimal -place  accuracy  In  seven  Iterations.  The  follow¬ 
ing  values  were  obtadned 


X  - 


-3.6889,-1.3445 

-2.2626,-1.1313 

-0.1000,-0.1000 

0.9107,-0.0149 

1.0899,  1.0075 

2.3232,  1.3322 

3.5556,  2.4656 


y  = 


-3.1285,-0.2000 
-2.2626,-0.1313 
-0.1000,-0.1000 
0.9107,  0.9256 
1.0899,  1.0824 

2.3232,  2.1121 

3.5556,  2.3233 


X  represents  the  transfer  characteristic  between  eg  and  and  Y  repre¬ 
sents  the  transfer  characteristic  between  e^  and  e^.  The  Input  current 
to  the  network  Is 


=  [G^  (I  -  Y)  -  G^  (X  -  I)]  (e^) 


-3.6889,-2.7889 
-2.2626,-1.4444 
-0.1000, -0.0997 
0.9107,  0.0926 
1.0899,  1.0075 

2.3232,  1.3322 

3.5556,  2.4656 


(ej 


Using  technlqioes  similar  to  those  Illustrated  above,  several  other 
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examples  of  IVL  network  equations  were  solved  iteratively  with  the  com¬ 
puter.  In  problems  of  this  type,  it  may  be  necessary  to  try  severed 
different  iteration  schemes  for  solving  the  PWL-operator  equations  be¬ 
fore  one  is  found  which  converges  satisfactorily. 


-  110  - 


VI.  WL  TWO-PORTS  AMD  PIECEWISE -PLANAR  FUNCTIONS 


In  the  preceding  chapter,  we  considered  methods  for  determining  the 
Input  and  transfer  characteristics  of  resistive  PWL  networks  driven  by  a 
single  source.  We  will  now  consider  the  problem  of  describing  the  char¬ 
acteristics  of  a  RfL  two-port  which  may  be  driven  by  two  Independent 
sources.  By  analogy  with  llneeo:  networks,  one  ml^t  es^ect  that  a  PWL 
two-port  could  be  described  by  equations  of  the  form 


"'^1  “  ^11  ^^1^  ®12  ^^2^ 


Vg  »  Rgl  ^^1^  ®22  ^^2^ 


Ikifortunately,  equations  of  this  foxm  apply  only  In  special  cases.  In 
general,  the  Input  voltages  to  a  IVL  two-port  will  be  piecewise -planar 
functions  of  the  Input  currents.  That  Is,  a  three-dimensional  plot  of 
v^  m  f(l^,l2)  will  consist  of  a  series  of  planar  sections  that  meet  at 
breaklines.  In  each  plansur  region,  v^  Is  a  linear  function  of  1^  and 
l^.  Piecewise -planar  functions  can  be  described  mathematically  by  speci¬ 
fying  the  equation  of  each  plane  together  with  a  set  of  Inequalities 
that  describe  the  region  in  which  this  equation  Is  veQld. 

A  more  convenient  representation  of  piecewise -planar  functions  In 
terms  of  PWL  operators  has  been  studied,  and  atteapts  to  generalize  the 
concept  of  EVL  operators  to  piecewise -planar  operators  have  been  made. 
Lattice,  tee,  and  pi  networks  have  been  ansdyzed  to  provide  examples  of 
piecewise -planar  functions. 


A.  PWL  SYtMETRIC  LATTICES 

A  symmetric  lattice  network  composed  of  EWL  resistors  (Fig.  4^)  Is 
relatively  easy  to  ensLlyze.  In  Fig.  4^b,  the  lattice  Is  redrawn  as  a 
bridge  with  the  current  so\irces  redistributed.  It  Is  easy  to  verify 
that  the  currents  supplied  to  nodes  a,  b,  c,  and  d  by  the  current  sources 
are  the  same  In  Figs.  4^  euid  4^,  and  therefore  the  voltages  between 
the  nodes  are  unchanged.  From  symmetry,  the  net  current  flowing  around 


-  Ill 


the  loop  adbca  In  Fig.  is  zero,  so  the  terminal  voltages  are 

Vab  “  ^a^  ^^1  ’  ^2^ 

Vgd  “  ^2  “  ^^1  ■*■  ^2^  ■  ^^1  "  ^2^ 

By  adding  and  subtracting  these  equations,  we  obtedn 

Vi  +  V2  *  (1^  +  Ig)  and  -  Vg  »  2R^i  (1^  -  ig) 

Solving  these  equations  for  1^  and  Ig,  we  obtcdn 

il  =  (^2.  *  "^2^  *  ^"^l  "  "'2^ 

i-2  ”  ^^1  ■  ^a'^^  ^^1  ■  ""2^ 

Thus,  for  the  PWL  symmetric  lattice,  FWL  operators  can  be  used  to  express 
the  v's  In  terms  of  the  l*s  and  conversely.  Ihe  general  IVL  lattice  Is 
much  more  difficult  to  analyze. 
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B.  PWL  TEE  NEWORKS 


Although  it  Is  easy  to  esqpress  the  tenalnal  voltages  of  a  FWL  T- 
network  as  a  function  of  the  terminal  currents,  It  Is  often  difficult  to 
solve  for  the  currents  in  terns  of  the  voltages.  For  the  network  of 
Fig.  k6, 


(1^)  +  R^ 

(ll  +  ig) 

(165) 

(il  +  ig) 

(166) 

PIG.  4<.  PPL  T'NBTVOIIK. 


When  any  two  of  the  three  IVL  resistors  are  linear,  it  is  possible  to 
solve  for  1^  and  Ig.  For  example,  if  and  R^  are  linear,  the  sum  of 
Eq.  (165)  and  the  product  of  (1^)  ^8 


^1  +  —  Vg  -  (R  +  pi  R  +  r^)  (1^  +  Ig) 


from  which 


(167) 


(168) 


»  A  (v  +  -i  V  ) 

2 

Subtracting  Eq.  (I66)  from  Eq.  (l6^),  we  obtain 


’1  -  ’a  -  ‘■1^1  - 


(169) 


Solving  Eq.  (16?)  and  (I69)  simultaneously  for  1^  and  ig  yields 
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(170) 


When  only  one  of  the  resistors  in  the  T-network  is  lineaur,  solving 
for  the  currents  is  much  more  difficult.  For  the  network  of  Fig.  4? 
the  terminal  voltages  are 


FIG.  47.  PWL  T-NETWORK  WITH  TWO  PWL  RESISTORS. 


If  we  make  a  three-dimensional  plot  of  v^  vs  1^  and  the  resulting 
piecewise -planar  surface  has  four  planau:  sections.  Examination  of 
Eq.  (172)  shows  that 


^1  * 

^  ^1  ^2 

(il  <  0, 

il  .  ig  <  0) 

^1  = 

3/2  +  ig 

(il  > 

il  +  ig  <  0) 

^1  = 

3/2  ii  +  i  Ig 

(il  <  0, 

il  +  ig  >  0) 

^1  = 

il  +  i  ig 

(il  >  0, 

il  +  ig  >  0) 
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Similarly,  if  i^  >  0,  we  obtain 


These  two  equations  for  i^  can  be  combined  to  yield 


‘‘■ft;) 


ro,  0^ 

li 


(177) 


(178) 


Given  values  of  v^^  and  v^,  Eq.  (178)  is  useful  for  computing  1^,  but 
the  eqviatlon  does  not  reveal  the  nature  of  the  piecewise -planar  surface 
that  i^  represents.  Determination  of  the  breaklines  of  this  piecewise - 
planar  surface  will  greatly  edd  in  its  visxialization.  The  breaklines  in 
the  Vj^-Vg  pleuie  can  be  related  to  the  breedtlines  in  the  ^ 

find  the  breakline  that  corresponds  to  i^  *  0,  we  set  i^  equal  to  zero 
in  Eqs.  (172)  and  (173)  and  solve  for  the  relationship  between  Vg  and  Vj^. 
With  ij^  *  0,  Eqs.  (172)  and  (173)  reduce  to 


Eliminating  ig,  we  obtedn 


V 


2 


(’1) 


(179) 


Similarly,  for  the  other  breakline,  substituting  i^  -f  ig  ^  0  into 
Eqs.  (172)  and  (173)  yields 


V 


2 
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from  which 


V 


2  * 


(180) 


Eqs.  (179)  and  (I80)  represent  breedtlines  which  divide  the  v^^-Vg  plane 
into  four  regions  as  shown  in  Fig.  U8b. 

We  next  consider  an  example  of  a  IVL  T-network  in  which  Rg,  and 


R^  are  all  PWL.  If 


■<1-  1°’  12 

V2/ 


B  ]  V2  , 
^  '.B,  1'“ 


R  -  -3>  2 

3  U,  l'3 


Eq.s .  (16^ )  and  (I66  )  become 


^  (V  .  ^ 

1.1/2  \0,  1, 


di  ^  I2) 


(181) 


/  0,  1/2^ 

\-2,  1, 


(i,)  .  (-3;  ^  (i,  .  ig) 


(182) 


The  breeiklines  for  are  i^  *  2  euid  1^  I2  “ 


6Uld 


the  breaklines  for  Vg  are  Ig  *  **  and  1^  ^2  “  breaklines  di¬ 


vide  the  l^'lg  plane  into  seven  regions  as  shown  in  Fig.  49a.  Even 
though  we  cannot  solve  Eq.s.  (18I)  and  (182)  directly  for  i^  and  we 
can  use  these  equations  to  solve  for  the  breaklines  of  i^  euid  ig  in  the 
v^-Vg  plane.  If  we  substitute  i^^  =  2  in  Bqs.  (I8I)  and  (182)  and  then 
apply  the  shifting  rule,  we  obtain 


0. 1. 


ij 


■  (:  1)  •  (;: :)  “=>  ■  (j  0 


(ig) 


(183) 

(184) 
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FIG.  49.  BREAKLINE  PLOTS  FOB  A  P»L  T-NETVORK. 


9-* 


Solving  Eq,.  (I83)  for  Ig  and  substituting  in  Eq.  (184),  we  obtain 


(t:  ■':)  'v 


/.11/4,  5/4\ 

(  3/2  I  (v^) 

\  -8,  2I 


This  equation  represents  the  breakline  in  the  v^^-Vg  plane  that  corres¬ 
ponds  to  the  breakline  1^  ^  2.  Similarly,  the  breaklines  that  corres¬ 
pond  to  ij^  +  ig  =  3  and  Ig  =  ^  respectively 

/  -1\  / 11/3,  2/3  \ 

V2  =  (  6,  -1/2  j  (v^)  and  Vg  =  j  4,  1/2  j  (v^) 

\l7/2,  -1/  \  8/3,  2/3/ 

These  three  breaklines  are  plotted  in  Fig.  49b.  Bie  seven  regions  in 
the  v^-v^  plane  are  numbered  to  correspond  to  the  respective  regions  in 
the  Iq^-12  think  of  Eqs.  (I8I)  and  (182)  as  mapping  the 

breaklines  in  the  l2.~^2  corresponding  breaklines  in  the 

v^-Vg  plane.  Figure  49b  also  represents  a  top  view  of  a  plot  of  i^^  or 
Ig  as  a  function  of  v^  and  v^.  The  equations  for  each  of  the  seven  re¬ 
gions  can  be  solved  individually  if  desired.  For  example,  in  region  one, 
ij^  <2,  ig  >  4,  end  +  ^2  ^  (^2)  reduce  to 

Vj^  =  il  -  3  +  2  (i^  +  ig) 


Vg  =  -2  +  ig  -  3  +  2  (i^  +  ig) 

from  which 

i^  =  0.6  -  0.4  Vg  -  0.2 

ig  ="0A  v^  +  0.6  Vg  +  1.8 

These  equations  are  valid  for  v^  in  the  range 

11/3  +  2/3  v^  <  Vg  <  7  - 
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similar  calculations  can  be  carried  out  for  the  other  six  regions.  Al¬ 
though  we  were  unable  to  determine  the  solutions  for  1^  and  Ig  directly 
In  terms  of  FWL  operators,  PWL  operators  were  still  useful  for  determin¬ 
ing  the  breakllnes  of  these  solutions. 

C.  EXPANSION  OF  PIECEWISE -PLANAR  FUNCTIONS  IN  TEEIMS  OF  PWL  OPERATORS 

When  we  tried  to  solve  Eq,s.  (l8l)  and  (l82)  simultaneously  for  1^^, 
we  were  unable  to  find  a  solution  directly  In  terms  of  PWL  operators; 
therefore,  It  was  necessary  to  determine  the  breakllnes  first  auid  then 
solve  for  each  section  separately.  We  know  that  1^^  Is  a  plecewlse- 
planar  function  of  v^  and  v^,  but  It  Is  not  obvious  that  this  function 
can  be  expressed  In  terms  of  PWL  operators.  In  general,  we  would  like 
to  determine  what  class  of  piecewise -planar  functions  of  two  variables 
can  be  expressed  In  terms  of  PWL  operators. 

Stern  [Ref.  5,  pp.  59-63]  gives  a  method  for  expressing  any^slngle- 
valued  piecewise -planar  function  of  two  variables  In  terms  of  -  trans¬ 
formations.  Ihe  piecewise -planar  surface  Is  first  broken  down  Into  a 
sum  of  pyramids,  each  with  a  vertex  on  ^ne  of  the  breadcpolnts,  and  then 
each  pyramid  Is  expressed  In  terns  of  0’ -transformations.  We  have  shown 
In  Section  II.  E.  that  any  fWL  function  which  can  be  expressed  In  Stern's 
notation  can  be  converted  to  I¥L-operator  notation.  It  therefore  fol¬ 
lows  that  any  single -vedued  piecewise -planar  function  of  the  two  varia¬ 
bles  C8U1  be  expressed  In  terms  of  PWL  operators.  The  method  for  finding 
such  an  expression  Is  somewhat  devious  and  the  resulting  expression  Is 
somewhat  cumbersome  to  work  with,  but  at  least  such  an  expression  always 
exists. 

As  an  example,  consider  the  piecewise -planar  surface  whose  break¬ 
llnes  are  shown  In  Fig.  4db.  Since  this  surface  has  a  single  breakpoint. 
It  can  be  written  directly  In  Stern's  notation  as 

ll  =  1^2/3  (v^  -  i  v^),  3/^  -  1/3  Vg),  (v^  -  ^  v^),  6/5  (v^  -1/3 

(1B5) 
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Using  Eq,s.  (22)  and  (A-5)  to  convert  to  PWL  operator  notation,  we  obtain 


^1- 


^0,  0) 
^0.  Ij 


/I  1  ,2  1  . 

^0,  ij  ^12  ^1  ^  12  "^2^  ^  "  3  ^2^ 


fo,  o\  1  ^ 


0^ 


fo,  0\  °  , 

,0,  6/5)  ‘"i  *  i  ’'2>  -  lo,  3/h  ("i  "  'a* 


^  C:  3/0  ^ 


(186) 


This  expression  is  more  complicated  than  Eq.  (178)  which  was  obtained 
more  directly  by  solving  Eqs.  (172)  and  (173) • 


D,  PIECEWISE-PLANAR  OPERATORS 

In  the  previous  section,  we  showed  that  any  single-valued  piecewise - 
planar  function  can  be  expressed  in  terms  of  PWL  operators.  As  seen 
from  the  example,  for  even  a  simple  piecewise -planar  surface,  the  result¬ 
ing  expression  may  be  very  complicated,  and  the  expression  which  repre¬ 
sents  a  given  piecewise -planar  function  is  not  unique.  Furthermore, 
there  is  no  simple  and  direct  method  for  writing  down  a  IVL-operator  ex¬ 
pansion  of  the  function  from  its  graph. 

For  the  above  reasons,  it  would  be  desirable  to  define  piecewise - 
planar  operators  to  represent  piecewise -planar  functions  more  directly. 

If  a  suitable  piecewise -planar  operator,  cf  ,  could  be  defined,  we 
could  write  the  characteristics  of  a  PWL  two-port  in  the  form 


(187) 


Algebraic  operations  with  piecewise -planar  operators  could  then  be  de- 
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fined  by  analogy  with  PWL  operators.  For  example.  In  terms  of  the  In¬ 
version  operation,  Eq,.  (I87)  covild  be  solved  for  the  currents  In  terms 
of  the  voltages  In  the  form 


Several  attempts  have  been  made  to  define  piecewise -pleuiar  operators, 
but  no  really  satisfactory  method  was  discovered  except  In  the  special 
cases  where  all  of  the  breedcllnes  £ure  peurallel  or  all  of  the  breakllnes 
meet  at  a  single  point.  A  basic  difficulty  Is  encountered  In  trying  to 
extend  the  PWL-operator  concept  to  the  piecewise -planar  case.  A  linear 
segment  of  a  PWL  cvirve  can  be  adjacent  to  only  two  other  segnents,  but 
a  planar  section  of  a  piecewise -planeu:  surface  ceui  be  adjacent  to  emy 
nimber  of  other  sections.  IMs  limitation  medces  a  simple  extension  of 
the  PWL  operator  notation  Impossible.  Determination  of  a  satisfactory 
method  for  generalizing  PWL  operators  to  the  case  of  two  or  more  Inde¬ 
pendent  vsirlables  Is  one  of  the  Importemt  unsolved  problems  In  PWL- 
network  theory. 
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VII.  ANALYSIS  OF  ELECTRONIC  CIRCUITS 


IVL  operators  are  useful  in  the  aneOysls  of  electronic  circuits. 

For  large -signal  operation,  the  characteristics  of  diodes,  vacuvm  tubes, 
transistors,  and  other  electronic  devices  can  be  approximated  by  PWL 
characteristics  and  described  In  terms  of  FNL  operators.  Since  a  number 
of  diode -circuit  examples  have  already  been  presented,  in  this  chapter 
we  will  analyze  several  vacuum-tube  and  transistor  circuits. 


A.  TRIODE  CHARACTERISTICS 


Figure  ^a  shows  a  BfL  approximation  to  the  characteristics  of  a 


trlode . 


If  a  three-dimensional  plot  of  1.^ 


as  a  function  of  e^  and 


e  Is  made,  the  breaklines  divide  the  e  -e  plsuie  Into  three  regions 
g  fi  ® 

(Fig.  50b).  In  the  cutoff  region,  1^  »  0;  in  the  normal -operation 

region,  ^  saturation  region,  1^  ■ 

A  IVL  trlode  model  [Ref.  2,  p.  22?]  that  has  these  characteristics  is 

shown  in  Fig.  50c.  When  is  off,  =  0  and  the  tube  is  cut  off. 


When  is  on  and 


D-  is  off,  the  tube  is  in  the  normal  operating 


region.  When 
saturated.  D 


"1 
and 


and 
r 


Dg  are  both  on,  i^ 


and  the  tube  is 


3  g 

grid  current  which  flows  when 


have  been  added  to  the  model  to  eu:count  for  the 


e  >  0. 
g 


We  will  now  derive  the  FWL-operator  equations  that  represent  the 
characteristics  of  the  FWL  trlode  model.  We  can  redraw  the  IVL  model  as 
shown  in  Fig.  50d  by  transforming  the  dependent  voltage  source  to  a  cur¬ 
rent  source.  From  the  equlveilent  model, 

0,  0  /o, 

.0,  r 


®b  " 


(189) 


We  will  solve  this  equation  to  obtain  i^  as  a  function  of  e^  and 
e  .  If  i^  >  0,  Bq.  (189)  reduces  to 


%  = 


rO,  0 

lO,  r  -r 
^  »  p  s 


(lB9a) 
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{ 


Multiplying  both  sides  of  this  equation  by  l/r  Md  then  subtracting 

8 

ne ^(^‘p  ■  ^g)  >  obtain 


o>  V 


^b‘F^ 


(190) 


Solving  for  i^  and  then  subtracting  from  both  sides,  we  obtain 

S,  (o'  /)  ^  (^■^) 

8  \0>  /  \  ®  P  ®/  \  P  ®  ®/ 


r 

0,  —  -1 


r  r  -r 
s  p  s 


(191) 


Ibis  equation  ceui  be  rewritten  in  the  form 


¥  ^*b  ^  ►"“g^  '  “  ^  r" 

■  p  S  ‘s 


(192) 


When  this  expression  is  positive,  it  gives  the  correct  vadue  of  i^. 
To  prevent  i^  from  going  negative,  we  premultiply  by  /o,  o\ 

1°'  V  • 


Ibe  resulting  e;q>ression  for  the  plate  current  in  the  FWL  triode  model 


/o,  o\  /  A  fi  ,  ,  «tol  «to"l 

\o,  V  ^  \o,  0/  L  p  ®  bJ  sj 


(193) 
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and  the  grid  current  is 


0,  0 


(ej 


.0,  1/tJ  e 


(194) 


B.  TRANSISTC®  CHARACTERISTICS 

Using  the  PWL  model  of  Fig.  ^1,  the  characteristics  of  a  transistor 
In  the  grounded-base  connection  can  be  represented  by  the  equations 

0,  oo\  /  0,  00 

V  .  =  I  I  (1  )  +  r  (1  +  1  )  =  I  1  (1  )  +  r  1 

'  0,  r  /  '  »  '  =  Vo,  r^rj  '  ‘  = 

''  '  e  b'  (155) 


and 


cb 


/O. 

Vo,  o; 

( 


<^o  *  *  'b  *  ‘c> 


0,  r  +r. 

■=  ^  '  (1  *  «1.)  +  r  (l-»)  1 

0,  » 


(196) 


(196) 


Replacing  1  vith  -(I  1  )  In  the  above  equations,  we  obtain  the 

G  DC 

equations  which  describe  the  grounded-enltter  transistor  model  of  Fig. 
^2a  as 


be 


V  =  V 

ce 


■  (I  *  '6  s 

-  ^  V  ■  il  ^:)  ^  C; 


(197) 


[1  -  a  (1  +  1  )1 

c  be 


(198) 


Equation  (19d)  can  be  rewritten  In  the  font 


V  =1  ®  )  (1  +  1  )  +  ( 

\0,  •»/  ^  \0,  0, 


(1^  -  bl^)  (199) 
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o 


riG.  SI.  P«L  MODEL  FOR  GROUNDED-BASE  TRANSISTOR. 


vhere  r.  ■  r  (1  -  a)  emd  b  »  a/(l  -  a).  Eqtuatlons  (197)  and  (199) 

a  C 

correspond  to  the  alternate  grounded-enmlter  model  of  Fig.  52b, 


-•(Ifc+lc) 


FIG.  S2.  PWL  MODELS  FOR  GROUNDED  EMITTER  TRANSISTOR. 
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C.  TRANSFER  CHARACTERISTIC  OP  A  TRIODE  FEEDBACK  AMPLIFIER 

As  Gm  example  of  the  aneO^sls  of  a  vacuum-tube  circuit,  we  will  de¬ 
termine  the  voltage  transfer  characteristic  of  the  triode  feedback  ampli¬ 
fier  of  Fig.  53*  We  will  use  the  PWL  model  of  the  triode  (Fig.  50) 
with  the  following  values  of  tube  parameters; 


r  =  5  kO,  n  =  20,  r  =  0.1  kft,  and  r  =  500  kfl 
V  '  s  *  g  ^ 

Substituting  these  values  into  Eqs.  (193)  and  (19^i  we  find  that  the 
tube  chairacterlstics  are  given  by 


Since  the  lOOO-kO  feedback  resistor  is  a  negligible  load  on  the  plate 
circvilt,  we  cw  write  the  following  node  equations  for  the  network: 

200  -  e. 

S, - 5-^  (=“) 


and 

g  ■  Io5(7  ^  1000  ‘  1000 


(203) 


Combining  Eqs.  (200)  and  (202)  and  Eqs.  (201)  emd  (203)  and  simplifying. 


we  obtain 


/o,  o\ 

0 

_J 

(200  -  e  )  = 

\0,  5/ 

1  (4e  -  9.8  e.  )  +  10  e 

\0,  0/  8  ^  ^ 

(204) 


.  4. 

*  Stern  [Ref.  5^  PP.  23-25]  analyzes  this  same  network  using  0"-trans- 
formations.  The  amount  of  work  required  by  the  two  methods  is  about 
the  same. 
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and 


«!  -  3e^  + 


ro,  o> 
{0,  V 


(«-)  -  «b 
g  D 


ro,  3' 
^0,  5> 


(*.>  -  s 


(205) 


FIG.  S3.  TRIODK  FEEDBACK  AMPLIFIER. 


Equation  (204)  can  be  solved  for  e  as  follows.  Preaultipljflng  by 

6 


0,  O’ 


-1 


^0,  5 
lOe^  yields 


,  applying  the  shifting  rule,  (Eq.  (59)^  subtracting 


.0,  .2 


'0,  L\  /200L,  L\  /O,  1\ 

(200  -  e^)  -  lOe  -  )  (-e^)  - 

^  \  40,  10.2/  ^  \0,  0/ 

/o,  l\ 

Premultiplying  by  \q  qJ  adding  S.Q  gives 


(4«g-9.8  e^) 


'0,  1\  (200  L, 


.0,  Ly 


40,  10.2y 


(-e^)  +  9.8 


200L, 

40,  0.4  j  (-e^)  -  4e^ 

40L,  10. 2L, 
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Solving  for  e  and  substituting  Into  Eq.  (20^)  ve  obtain 

s 


50L,  0.25L\ 

10,  0.1  )  (-e^)  - 

lOL,  2.55L> 


150L,  0.75L 

30,  1.3 

50,  1.5  l^"®b^ 

50L,  12.75L 


Solving  for  and  letting  L  the  desired  transfer  cheuracteristlc 
is 


/  200, 

j  300/13,  -10/13  ,  (  ) 

^  100/3>  -2/3  I  ^ 


(206) 


V 


200/51, 


D.  TRANSFER  CHARACTERISTIC  OF  A  TRANSISTW  AMPLIFIER 


As  an  example  of  analysis  of  a  transistor  circuit,  we  will  derive 
the  voltage  transfer  characteristic  of  the  grounded-base  translator  am¬ 
plifier  of  Fig.  5^«  Using  the  PWL  model  of  Fig.  5^^>  the  amplifier  can 
be  described  by  the  equations 


lO,  R  -fr. 

\  '  e  bi 


(i  )  +  r  i 
e  DC 


(207) 


/e,  l\ 

T  1  (t  +  ai  )  +  r.  (i  +  i  )  o  -i  R 

2  Ie,  0  r  ^  ^  ®  c  c  i 


(207^) 


Equation  (207a)  can  be  rewritten  in  the  form 


b  c 


(t^.  +  aig)  »Ua  -  1)  +  aRg 


Solving  for  1^, 


the  current  transfer  characteristic  is 
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O' 


\ 


FIG.  54.  GHOUNDED-BASE 


(c) 

FBANSISTOB  AMPLIFIER  AND  TRANSFER  CURVE. 
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from  which 


.£ 
a  * 


L 

ar 

c 


-(R  +r.  )E  R  +r.  r. 

«  Id  eh  b 

«il  ^  *W  ■  R” 


(Re+r^)  (R^+r^) 


Solving  for  and  letting  L  w  ,  we  obtain  the  voltage  characteristic 
(Fig.  54c)  as 


V 


2 


0  , 

0 

,  R  (R  +r.  )  E 
\  c'  e  b' 

\  R  (r. +R  )+r^R  * 
\  e'  b  Q.'  be 


0 

aR 

_ c 

R  +(l-a)r 
e  '  '  b 

b  c 


\ 


R  (r.+R  )+r.R  / 

e'  b  z'  be/ 


(V,) 


(208) 
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E.  SERIES -TRIODE  NEGATIVE  RESISTANCE  CIRCUIT 

We  will  now  detemlne  the  Input  v-1  characteristic  of  the  two-trlode 
circuit  shown  in  Fig.  ^^a.  Each  trlode  is  replaced  with  a  FWL  model  as 
shown  in  Fig.  55b*  The  grid  voltages  are 


®gl  “  ®g2  “  "^^^2  ■  ^1^ 


Since  the  svm  of  the  voltages  around  the  loop  is  zero, 


*  ®k  *  * 


c :)] 


(i^  -  ij,) 


'p  *  \ 


0,  L’ 

0,  0 


(i,) 


(209) 


The  input  volt6Lge  is 


'p  + 


c:)] 


dp)  *  (ip  -  ll) 


(210) 


If  we  let  “  *'p  \  '*'^**’-  rearrsunge  the  terms,  these  equa¬ 


tions  become 


0,  L\  /O,  L\ 

E  =  f  )  (ig  "  ^l)  +  1 

0,  r/  \o,  eJ 


(i^) 


(211) 


and 


C: :) 


dp)  - 


(212) 


From  Eq.  (211), 


C: :)  '**  ■ 


-E,  L' 

■  I  -E,  B  ) 
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Solving  for  we  obtain 


> 


C-E/R,  VR\ 

-E/R,  2  Wig) 

-E/L,  1/ 


We  next  solve  for  ig  and  substitute  in  Eq.  (212),  which  yields 

E/L,  R/L\  /  E,  R\ 

E/2R,  1/2  J  (i^)  -  kiRj,  li  -  (e/2,  R/2  j  (i^)  -  i^ 
E/L,  1/  \  0,  R/ 


Replacing  R  with  above  equation,  we  find  the  in¬ 

put  v-i  characteristic  to  be 


f 


(213) 


This  curve  is  plotted  in  Fig.  55c  for  the  case  Rj^  (»Ji-l)  >  fp. 


VIII.  ENERGY  STORAGE  ELEMENTS  IN  PWL  NETWORKS 


Until  now,  we  have  considered  only  resistive  FWL  networks  without 
energy -storage  elements.  In  this  chapter,  we  will  attempt  to  extend  the 
usefulness  of  FWL  operators  to  the  analysis  of  networks  that  ed.so  con- 
tedn  llneeur  or  FWL  capacitors  or  Inductors.  By  a  FWL  capacitor,  we  mean 
a  capacitor  whose  charge -voltage  characteristic  is  FWL.  If  we  represent 
this  characteristic  by  the  FWL  operator  C,  then  the  current  through  the 
capacitor  is 

‘  ^  -  It 

By  a  IVL  inductor,  we  meeui  an  inductor  whose  flux-linkage  -  current 
characteristic  is  IVL.  If  we  represent  this  cheuracterlstic  by  L,  then 
the  voltage  across  the  inductor  Is 

^  “  3t 

IVL  inductors  and  capacitors  are  useful  as  approximations  to  nonlinear 
inductors  and  capacitors. 

A  FWL  R-L-C  network  can  always  be  solved  on  a  section -by -section 
basis.  At  any  Instant  of  time,  the  network  reduces  to  a  llneeir  network. 

The  solution  to  the  llneeu:  differentleQ.  ec^uatlons  of  this  network  is 
valid  until  one  of  the  IVL  elements  changes  state.  When  the  network 
contains  severed.  IVL  elements,  we  must  solve  for  the  voltage  or  current 
in  each  one  in  order  to  find  out  which  element  will  change  state  first. 
After  the  cheuige  of  state,  we  have  a  new  linear -network  problem  emd  a 
new  set  of  linear  differential  equations  to  solve.  Ihe  constants  in  the 
solution  can  be  obtained  by  matching  boxmdeu:^  conditions  at  the  time  of 
transition  from  one  section  to  the  next.  This  matching  process  will 
genersdly  require  the  nioaerlced  solution  of  transcendental  equations. 

This  section -by -section  method  is  usually  very  tedlo\is  and  time -consunlng 
to  carry  out. 

An  attempt  has  been  made  to  develop  more  efficient  methods  of  solving 
PWL  networks  that  contsiln  energy -storage  elements.  By  using  FWL  operators, 
a  problem  can  be  formulated  In  terms  of  FWL  differential  equations.  For 
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PWL  R-C,  R-L,  and  L-C  networks,  the  solution  to  these  PWL  differen¬ 
tial  equations  can  be  e:q>ressed  in  terns  of  PWL  operators.  An  efficient 
method  of  obtaining  the  solution  has  been  derived  for  the  PWL  pareillel 
R-C  network. 

A.  PARALLEL  R-C  PWL  NETWORKS 

In  this  section,  we  will  develop  methods  for  analyzing  the  parallel 
R-C  PWL  network  of  Fig.  Either  the  resistor  or  capacitor,  or  both, 

may  be  IVL.  Ry  duality,  the  methods  developed  here  can  be  applied  to 
the  series  R-L  network. 

The  voltage  across  the  parallel  R-C  network  satisfies  the  dlfferen- 
tlsLl  eqviatlon 

5^  [C(v)]  +  R"^  (v)  =  0  (214) 

where  C(v)  Is  the  charge  on  the  capacitor  end  r"^  (v)  Is  the  cur¬ 
rent  thro\igh  the  resistor.  We  will  assme  that  when  t  ■  0,  the  capaci¬ 
tor  is  initially  charged  to  a  positive  voltage  v^.  If  the  capacitor  is 
linear,  Bq.  (2l4)  reduces  to 

+  R“^  (v)  =  0  (215) 

We  will  show  that  if  R  Is  monotonic,  Eqs.  (2l4)  end  (215)  have  solu¬ 
tions  of  the  form 

V  =  R[e®^"'‘^^]  (216) 

g 

Taken  by  Itself,  e  does  not  have  any  meenlng;  therefore,  to  eveduate 
Eq.  (2l6)  for  a  given  value  of  t,  we  must  first  find  a  »  B(-t), 
then  calculate  b  =  e  ,  and  finally  find  v  =  R(b).  The  cxirrent  in 
the  resistor  is  given  by 


i  =  R-^  (v) 


eB(-t) 


(217) 
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FIG.  56.  PARALLEL  R-C  PWL  NETWORK. 


We  vlll  now  attonpt  to  determine  B  so  that  Eq.  (2l6)  satisfies 
Eq.  (21U)  and  the  Initial  condition  v  =  v^.  Substituting  Eq.  (2l6) 
into  Eq.  (2l4),  we  obtain 

^  [CR(e®^-^b]  +  -  0  (218) 

The  indicated  differentiation  causes  some  difficulty  because  the  deriva> 
tive  of  a  FWL  fxinctlon  is  not  contlnxious.  We  will  let 


be  monotonlcally  Increasing  PWL  operators,  where  the  breal^ints  of  A 
are  designated  by  ...,x  and  the  Inverse  breakpoints  of  B  by 

^l'^2^***^^n  1*  ^  negative,  enouf^  of  the  sec> 

tlons  of  CR  should  be  discarded  so  that  only  positive  x's  remain.* 
Applying  the  rule  for  differentiating  a  function  of  a  function,  we 
obtain 


*  Ibis  procedure  is  Justified  because  in  Eq.  (218)  CR  operates  on 

B(  -“t) 

e  '  which  is  always  positive. 
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where  the  prime  Indicates  differentiation  with  respect  to  the  argument 
of  the  function.  For  the  section  of  A, 

Ale  '  ' ]  =  a  +  b  e  '  ' 

J  0 

from  which 


Since  the  slope  of  a  PWL  function  is  dlscontlnvusus,  the  derivative  of 
A  is  a  J\jmp  function  of  as  shown  in  Fig.  Ihe  Jumps  oc¬ 

cur  at  the  breakpoints  of  A.  For  the  J^^  section  of  B, 

.  djt) 


from  which 


d  r 
dt 


B(-t) 


djt) 


B(-t) 


Since  the  valiie  of  d  changes  at  each  breakpoint  of  B,  this  derlva- 

J  th 

tive  is  also  discontinuous,  as  shown  in  Fig.  37b.  At  the  J  break¬ 
point  of  B,  has  the  vad.ue  e^^j\ 

Substituting  Eq.  (219)  into  Eq.  (2l8),  we  obtain 


A.  [.*<■*)) 


Cl  r 


B(-t) 


-e 


B(-t) 


(220) 


.th 


For  the  J  section,  Eq.  (220)  becomes 


^  ,  B(-t)  B(-t) 

bj  X  -dj  e  '  '  .  ' 


from  which 


dj  -  (J  “  1,2,.. .,n) 


(221) 


Since 
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^  1  and  b,  ,d,  /  1.  Therefore,  in  orde: 
J  J+1  J  B(-t) 

fled  for  all  values  of  e  '  ,  the  breakpoints 

in  Fig.  59  ,  which  implies  that 


Xj  =  6^*^  (J  -  l,2,...,n- 


from  which 


Solving  for 


we  obtain 


4 


'J  ^ 
(d 


.  ,  -  dj  in  X.  +  c.  ,  d. 

iti _ j,.  p  J _ . A 


(j  =  1^2^ •••^n-l) 


J+1 


(223) 


Assuming  that  is  chosen  so  that  the  InltleG.  state  of  the  network 
lies  beyond  the  last  breakpoint, 

-  R[e®^°h  - 


where  and  r^  cure  the  Intercept  and  slope  of  the  last  section  of 
from  which 


R, 


C  B 

n 


in 


(224) 


We  have  now  determined  the  unknown  IVL  operator,  B.  The  d's  are  given 

by  E(i.  (221)  and,  after  Eq.  (224)  is  used  to  find  c^  ,  Eci.  (223) 

can  be  used  as  a  recursion  formula  to  find  the  remaining  c's. 

We  will  Illustrate  the  above  procedure  for  analyzing  the  parallel 

R-C  FWL  network  by  two  examples— one  with  C  llneeu:  and  one  with  both 

R  and  C  FWL.  If  C  «  1,  v  -  6,  and 

'o' 


then  A  =  R  and 
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The  c's  are  determined  from  Eq.  (224)  and  (223)  as  follows: 


=  2.1972 


(24)  in5  +  i  c. 

c  =  - -  =  1.7564 

J  2 

(^-2)  in4  +  2c, 

- i  =  2.8667 


(2-1)  in2  +  c 

c. - ^  =  1.7799 

^  2 


The  voltage  is  then  given  by 

1.7799,  1\ 
2.8667,  2  \ 
1.7564,  I  j 

2.1972,  2/ 

This  solution  means 


V  =  3/2  +  ^  exp  (2.1972  -  2t)  =  3/2  +  9/2  (0  <  t  <  t^) 


V  =  -6  +  2  exp  (1.7564  -  ^-t)  =  -6  +  10  exp  [-•J(t-tj^)]  (t^^  <  t  <  tg) 


V  =  ^  exp  (2.8667  -  2t)  =  ^  exp  [-2  (t-t^)]  (tg  <  t  <  t^) 


V  =  -1  +  exp  (1.7799  -  t)  =  -1  +  2  exp  [-(t-t^)]  (t^  <  t) 

where  t^^  =  0.2939,  tg  *  0.7402,  and  t^  =  I.0868 

These  results  can  De  checked  by  solving  the  problem  on  a  section-by¬ 
section  basis  and  matching  boundary  conditions  at  each  tremsitlon. 
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As  a  second  example,  we  will  take 


and 


0,  1/2' 
-1,  1 
1/2, 

0,  1> 
-1,  2 
.1.  1. 


from  which 


A  «  CR 


After  calculating  B  from  Eqs.  (221),  (224),  and  (223),  we  can  write  the 
solution  in  the  form 


0,  1\ 
.1,  2 
,1.  IJ 


exp 


3.0602,  2' 
1.5301,  1 
0.9678,  ^ 
1.2425,  1 
.1.3863,  2> 


(-t) 


(226) 


Equation  (226)  is  equivalent  to  the  set  of  equations 


V  *  1  +  exp  (1.3863  -  2t)  »  1  +  4e 


-2t 


V  *  1  +  exp  (1.2425  -  t)  »  1  +  3e"^^"^l) 

V  =  -1  +  2  exp  (0.9678  -  it)-  -1  +  4e"^^^"'^2) 

V  -  -1  +  2  exp  (1.5301  -  t)  »  -1  + 


(0  <  t  <  tj^) 


(tj^  <  t  <  tg.) 
(tg  <  t  <  t  ) 


(t^  <  t  <  tj^) 


V  =  0  +  exp  (3.0603  -  2t) 


.-2(t-t4)  (t.  -  t) 


143 


where 


=  0.1438  tg  =  0.5493  =  1.1246  =  1.5301 

The  principal  advantage  of  using  IVL  operators  insteeui  of  conventional 
methods  in  these  examples  is  not  that  the  totaLL  amount  of  computation  is 
appreciably  reduced  but  rather  that  the  work  is  much  more  systematic. 

B.  GENERAL  PWL  R-C  NETWORKS 

In  this  section  we  will  attempt  to  generalize  the  method  used 

analyze  the  parallel  PWL  R-C  network  to  more  general  IVL  networks 

* 

may  contain  any  number  of  IVL  resistors  amd  capacitors.  We  will 
that  the  voltages  in  such  networks  can  be  expressed  in  the  form 

-X‘,{ 

If  all  of  the  PWL  R's  aind  C's  have  finite,  positive  slopes,  at  any  in¬ 
stant  of  time  the  network  reduces  to  a  network  composed  of  linear  resist¬ 
ors  a«id  capacitors  and  d-c  sources.  Therefore,  during  aay  interval  of 
time,  the  voltage  at  any  point  in  the  network  must  consist  of  a  sum  of 
decaying  exponentlails  plus  a  d-c  term.  The  voltage  at  auy  point  cam 
therefore  be  described  by  the  equations 

m 

’'■Z  *  “ox 

(228) 

(k  =  1,2, . . .,n) 

Since  all  of  the  currents  in  the  network  aure  finite,  none  of  the  volt¬ 
ages  across  the  capacitors  can  change  Instauitauieoiisly,  and  all  of  the 
voltages  must  be  continuous  at  the  transition  points,  i.e. 


♦  The  results  of  this  analysis  can,  of  course,  be  applied  to  the  general 
PWL  R-L  network  through  the  use  of  du8G.ity. 


exp  [Bj  (-t)] 


' 


(227) 


to 

that 

show 
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(229) 


®XP  (-^4,.  t.  )  +  a  .  ■  )  a,  ,  ,  ejq)  (-b,  ,  ,  t.  )  +  a 
jk  '  Jk  k'  ok  ^  J^k+1  J#k+1  k'  o, 

J-1  J-1 


k+1 


(k  «  l|2^a..^n-l) 


We  will  now  show  that  Eq,.  (228)  can  be  e:q)re8sed  In  the  following 
form: 


ffl 


V  -I  ( 

J-1  ^ 

“^-Jn*  *’jn7 


e^ 


°ji^  ^jr 
°J2^  '^J2 


°Jn^  “^Jn. 


(-t) 


(230) 


During  any  Interval  of  time^  Eq.  (230)  reduces  to 


m 

■I  'ijk  ♦  'jk  (<=Jk  -  '^Jk  (*k-l  <  ‘  <  \)  (231) 


J-1 


Where 


^  "^J^k+l  ■  '^jk 


(232) 


In  order  that  Eq.  (23I)  be  equlvedent  to  Eq.  (226),  the  following  rela> 
tlons  must  hold  for  all  J  and  k  ; 


'Jk  ■  “jk 

(233) 

‘Jk  -  -^Jk  ('jk) 

(234) 

m 

ok  “2.^  "^jk 

(235) 

J-1 

For  k  -  1,  we  C8ui  satisfy  Eqs.  (23U)  and  (235)  by  tedtlng 
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111  '  “01  Ijl  ■  “ 

(J  >  1) 

(236) 

Cji^O  (allj) 

(all  J) 

(237) 

we  have  chosen  ,  the  remaining 

c.. 's  must  be  chosen  so 

JK 

that 

(232)  Is  satisfied,  l.e.. 

°J,k+l  '  ^^J,k+1  ■  ‘^Jk^  \  ‘^Jk 

(k  =  l,2,...,n-l) 

(238) 

since  the  transitions  between  successive  sections  of  both  PWL  operators 
In  Eq.  (230)  must  occur  at  the  same  time,  the  breakpoints  must  match; 
this  matching  requires  that 


'jk  ■  'j,k+l 


d  t  ) 
Jk  "'k^ 


exp  (c 


J,k+1 


-  d  t  ) 
J,k+1  k^ 


(239) 


from  which 


Ij.k*!  ■  'jk  <°Jk  •  ^Jk  <°J,ktl  ■  S.ktl  *k> 

(240) 

We  have  now  evaluated  all  of  the  q's,  i^'s,  c's,  and  d's  In  Eq.  (230). 

To  verify  the  equivalence  between  Eqs.  (231)  and  (228),  the  only  thing 
that  remains  to  be  done  Is  to  show  that  the  q's  defined  by  Eq.  (24o) 
satisfy  Eq.  (235).  Substituting  Eqs.  (233)  and  (234)  Into  Eq.  (240)  and 
then  sumnlng  over  J  ,  we  obtain 

Z‘»j,k.i“Iv  ''®<-‘’jk‘k>  -I 

J  J  J  j 

By  using  Eq.  {229),  E<1»  (24l)  can  be  reduced  to 

Z-’j.k+l  =  (I'ljk  -  “ok>  *  *o,k+l  (='*2) 

J  J 


(-b 


J;kfl 


I' 


^Jk  (241) 
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If  Eq,.  (23^)  is  satisfied  for  a  given  value  of  k,  It  follows  from  Eq,.  (242) 
that  It  Is  also  satisfied  for  k-fl  .  But  from  Eq.  (236) 

X*^J1  *  ^Ol,  and  Eq.  (235)  is  satisfied  for  k  *  1.  It  therefore  fol- 

J 

lows  by  Induction  that  Eq.  (235)  is  satisfied  for  all  values  of  k  . 

This  completes  the  proof  that  the  voltage  at  any  point  In  a  IVL  R-C 

network  can  be  expressed  In  the  form  of  Eq.  (227).  This  proof  does  not 

provide  a  convenient  way  of  determining  the  A  's  and  B  's,  but  It  at 

J  J 

least  shows  the  existence  of  a  solution  In  terns  of  IVL  operators. 

The  voltages  In  a  FVL  R-C  network  must  satisfy  a  set  of  FWL  differen¬ 
tial  equations.  From  the  above  euialysis,  we  know  that  the  solutions  to 
these  equations  can  be  expressed  In  the  foim  of  Eq.  (225).  Hopefully^ 
we  covtld  substitute  solutions  of  this  form  into  the  differential  equa¬ 
tions  euid  then  solve  for  the  unknown  FWL  operators.  Uhfortimately,  this 
procedure  does  not  work  very  well  because  the  left  distributive  law  csm- 
not  generally  be  used  and  we  encounter  difficulties  In  differentiating 
the  FWL  functions. 

As  an  example,  we  will  consider  the  network  of  Fig.  53.  This  net¬ 
work  cem  be  described  by  the  differential  equations 


dv 

dt 


i  ♦  -  Vj) 


(243) 


dv^ 


0,  1' 


(244) 


From  Eq.  (243), 


dv  dv  d  V  dv 

"^2  “  dt“  ^1  dt“  “  dt“ 

at 


(245) 


Substituting  into  Eq.  (244),  we  obtain 
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+  2 


dv^ 

3t” 


dv 


i)' 


0,  3\  av 

1,5/2  j  ^dt”  +  -  0 


(246) 


We  will  solve  this  FWL  differential  equation  using  the  Initial  conditions 


(O)  =0  Vg  (0)  =  6  (0)  =  Vg  (0)  -  (0)  =  6 


From  the  previous  discussion,  we  know  that  the  solution  can  be  expressed 
in  the  form 


V 


1 


^exp  (-t)]}  .+  Ag  ^exp  [Bg  (-t)]} 


(247) 


FIG.  SI.  P«L  NETWORK  WITH  TWO  CAPACITORS. 


If  we  substitute  Eq.  (247)  into  Eq.  (246),  we  obtain  a  IVL-operator  equa¬ 
tion  that  we  do  not  know  how  to  solve.  Our  only  recourse  is  to  solve 
Eq.  (246)  in  sections.  We  can  separate  Eq.  (246)  into  two  linear  differ¬ 
ential  equations: 


d^Vi 

dv 

/  dv 

1  ^ 

dt^ 

5/2 

=  -1 

(^3t“ 

d^v 

dv^ 

/  dv 

— + 

dt 

3 

o 

II 

+ 

( ar 

+  V-  >  2, 


+  v^  <  2, 


0  <  t 


t 


These  eqiiatlons  have  solutions  of  the  fona 
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-0.2192t  -2.2808t 

Vi  =  e  +  Cg  e 


2 


(0  <  t  <  t^) 


Vj  .  03  .-0-3820t  ^  ,.2.6lflOt 

(t^  <  t) 

We  can  evaluate  c^  and  c^  from  the  initial  conditions  and  then  deter 
mine  t^  by  solving  the  equation 

^1  ^1  ^^1^  “  ^ 

After  evaluating  c^  emd  by  matching  veilues  of 

t  s  t^  ,  we  obtain 

and  .  v^  at 

v^  -  5.123e‘°‘^^^^^  -  3.l23e‘^*^°®*  -  2 

(0  <  t  <  0.8007) 

«  2.978e‘®*^®®^  -  3.239e"^'^^* 

(t  >  0.8007) 

nils  solution  can  be  expressed  in  terms  of  FWL  operators  as 


where 


B, 


0.13035,  0.382 
0,  0.2192 


-0.105, -2.473' 
0,-3.123, 


0.27,  2.618 
0,  2.2808, 


Ihe  derivative  of  v^  can  be  expressed  in  the  form 


+ 


/-O.IO5, 

I 


6.473 

7.123 
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from  which 


In  this  example,  IVL  operators  were  helpful  In  fomulatlng  the  differen¬ 
tial  equations  of  the  network,  but  they  were  of  no  help  in  solving  these 
equations . 


C.  PWL  L-C  NETWORKS 

A  network  that  consists  of  a  FWL  Inductor  in  parcdJ^l  with  a  lineeu: 
capacitor  (Fig.  ^a)  will  now  be  cuialyzed.  We  will  assume  that  the  in¬ 
ductor  has  a  symmetrical  flux-linkage  -  current  characteristic  as  shown 
In  Fig.  ^b.  Assunlng  no  damping,  the  circuit  will  oscillate  continu¬ 
ously  If  we  stGLTt  with  an  Initial  current  in  the  inductor  or  an  Initial 
charge  on  the  capacitor.  It  can  be  shown  that,  during  the  first  quarter 
period  of  oscillation,  the  current,  voltage,  charge,  or  flux  linkage  can 
be  expressed  In  terms  of  FWL  operators  as 


X  m  [cos  B(t)]  +  Ag  [sin  B(t)] 


(2U8) 


Once  the  solution  for  the  first  quarter  period  is  known,  the  rest  of  the 
solution  can  be  determined  from  symmetry. 

'Rie  flux  linkage  In  the  network  of  Fig.  ^a  satisfies  the  differen¬ 
tial  equation 

2 

c  ^  +  F  (0)  -  0  (249) 

dt 


where  F(0)  is 
istic  of  Fig. 

0  =  L  (1)  = 


the  current  in  the  Inductor. 
59b  is 

/.27/4,  1/4  \ 

(  0,  4  j  (1)  or 

\  27/4;  1/4/ 


The  IVL-lnductor  chsuracter- 


1  s 


27,  4 

3,  1 

0,  1/4 

-3,  1 

-27,  4 


i0) 
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FIG.  59.  PWL  L-C  NETWOflK. 
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As  an  example,  we  will  find  the  solution  to  Eq..  (249)  using  this  cheurac- 
terlstlc  with  c  =  1,  l(0)  =  9,  and  v(0)  *  0.  For  the  first  quarter 
period  of  oscillation  0  >  0,  and  Eq.  (249)  becomes 


(0)  =  0 


with  0  (0)  =  9  and  0  (O)  =  0 


(250) 


If  we  assume  a  solution  of  the  form  Eq.  (248)  and  substitute  Into 
Eq.  (250),  we  rvin  Into  the  usual  difficulties  with  the  left  distributive 
law,  so  we  will  solve  In  sections.  Equation  (250)  can  be  separated  Into 
three  llnefu*  differential  eqtiatlons 


0  +  40  =  27 

(8  <  0  <  9) 

(0  <  t  <  t^) 

•  • 

0  +  0  a  3 

(4  <  0  <  8) 

(t^  <  t  <  tg) 

•  • 

0  +  -^0  =  0 

(0  <  0  <  4) 

(tg  <  t  <  t^) 

The  solutions  to  these  equations  are 

0  =  6.75  +  2.25  cos  2t  (Octctj^) 
0  =  3  +  5.8889  cos  (t+t^)  +  2.0787  sin  (t+tj^)  (t^<t<tg) 
0  =  11.4226  cos  (it+tj^+^g)  +  6.1256  sin  (it+t^4^tg)  (tg<t<t2) 


where  =  0.4909,  =  1,2585^  and  t^  =  I.8858.  Esqpresslng  this 

set  of  equations  in  terms  of  PWL  operators,  we  obtain 


6.75  ,  2.25  X 
0={  4.7284,  5.8889 
5.7110,  11.4226^- 


(cos  B(t)}  +  I  -1.7284,  2.0787  1  [sin  B(t)] 

-5.7110,  6.1256 
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where 


This  solution  is  plotted  in  Fig.  59c.  Hie  current  during  the  first 
quarter  period  is 


As  in  the  general  R-C  case,  IVL  operators  are  helpful  in  foxsulating 
the  differential  equations  and  expressing  the  solutions  to  FVL  L-C  net¬ 
works,  hut  PWL  operator  methods  are  of  little  help  in  solving  the  equa¬ 
tions.  If  we  could  define  suitable  complex  FVL  operators.  It  might  be 
possible  to  eiqpress  the  solution  to  the  RfL  parallel  L-C  network  in  the 
form 

and  it  ml^t  be  easier  to  find  A*  and  B*  than  to  find  A^,  A^,  and 
B  in  Eq.  (248).  Ihe  fact  that  solutions  to  general  FVL  R-C,  R-L,  and 
L-C  networks  can  be  expressed  in  terms  of  FVL  operators  holds  promise 
that  better  methods  of  solution  can  be  developed. 
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IX.  COMPUTER  roOGRAMS  FOR  SOLUTION  OF  PWL  OPERATOR  EQUATIONS 


The  methods  for  representing  PWL  curves  by  PWL  operators  and  the 
algebraic  operations  with  PWL  operators  have  been  developed  with  the  use 
of  a  digital  computer  in  mind.  Althou^  the  PWL-operator  method  is  use¬ 
ful  for  hand  computation  in  simple  problems,  the  method  is  cumbersome 
for  complex  problems  unless  a  computer  is  used.  Where  iterative  solu¬ 
tions  are  reqxiired,  a  computer  is  eilmost  imperative  because  of  the  large 
amount  of  work  involved. 

Computer  programs  have  been  written  for  the  Burroughs  220  Computer 
for  analysis  of  resistive  PWL  networks.  Subroutines  have  been  written 
for  addition,  subtraction,  multiplication,  inversion,  trivolution,  and 
other  operations  with  IVL  operators.  These  subroutines  have  been  used 
in  programs  for  solution  of  PWL-network  ecLuations. 

A.  A  BRIEF  DESCRIPTION  OF  BALGOL 

The  PWL-operator  programs  are  written  in  eui  edgebralc  langwiage  called 
BALGOL,  which  is  the  Burrougjhs  version  of  ALGOL.  The  BALGOL  program  con¬ 
sists  of  a  series  of  statements,  which  are  punched  on  cards  euid  read  into 
the  computer.  The  compiler  program  for  the  computer  translates  these 
statements  into  machine -language  instructions.  After  compilation,  the 
data  are  read  into  the  computer  and  the  program  is  executed. 

Several  types  of  statements  are  used  in  the  BALGOL  program.  Hie 
assignment  statement  causes  a  variable  to  be  set  ei^ual  to  the  value  of  a 
given  expression.  For  example, 

X  =  (A  +  B.C)/(D  +  E*2); 

means  compute  the  value  of  (A  +  B*C)/(D  +  E^)  and  then  set  X  equal  to 
this  computed  value.  Note  that  the  equal  sign  does  not  have  its  usual 
meaning  here.  The  same  variable  may  appear  on  both  sides  of  the  assign¬ 
ment  statement.  Thus,  X  =  2X  +  1;  means  compute  2X  +  1  using  the 
present  value  of  X,  and  then  change  the  value  of  X  to  this  new  value. 
The  IF  statement  indicates  that  the  next  statement  in  sequence  is  to  be 
executed  only  if  a  given  condition  is  true.  For  example. 
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IF  A  LEQ  B;  S  ; 


means  that  statement  S  is  to  be  executed  only  If  A  <  B.  The  FOR  state - 
,  ment  causes  the  next  statement  or  group  of  statements  to  be  executed  a 

given  number  of  times.  For  example, 

FOR  I  =  (1,1, N);  S  ; 

means  that  statement  S  is  to  be  executed  for  1  =  1,  then  for  1  =  2, 
then  for  I  =  3>  and  so  forth,  and  fineOJy  for  I  *  N.  A  statwaent  may 
be  labelled  by  preceding  it  with  an  identifier  or  an  Integer  followed 
by  two  dots,  e.g., 

A13..  S  » 

attaches  the  label  A13  to  the  statonent  §  .  !nie  statement 

GO  A13J 

causes  the  statement  labelled  A13  to  be  executed  next.  For  further  in* 

<  formation  about  BALGOL,  the  reader  should  consult  the  manual  for  the 

Burroughs  Algebraic  Compiler  [Ref.  6]. 

B.  SIMPLIFICATION  OF  PWL  OPERATORS 

After  two  PWL  operators  have  been  eulded,  subtracted,  or  multiplied, 
if  the  emswer  has  two  successive  sections  that  have  the  same  slope  and 
Intercept,  one  of  the  sections  is  redundant  and  must  be  eliminated. 
Simplification  of  IVL  operators  by  elimination  of  redundant  sections  is 
&d.so  an  Importeint  step  in  the  Iterative  solution  of  FWL-operator  equa¬ 
tions.  As  the  iterative  solution  of  a  IVL-operator  equation  is  carried 
out,  the  order  of  the  PWL  operator  in  the  approximate  solution  tends  to 
increase  with  each  iteration.  However,  as  the  iteration  continues, 
some  pairs  of  successive  sections  of  the  PWL  curve  will  generally  ap¬ 
proach  the  same  line  se^nent.  When  they  are  sufficiently  close,  one  of 
the  sections  can  be  eliminated,  and  so  reduce  the  order  of  the 
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operator.  Other  sections  of  the  PWL  curve  will  eventually  become  shorter 
and  shorter,  euid  they  can  eilso  be  eliminated.  Proper  convergence  of  the 
iteration  may  depend  on  the  criterion  used  for  elimination  of  redundant 
sections.  If  the  elimination  occurs  too  soon,  the  accuracy  of  the  solu¬ 
tion  is  impaired  and  the  iteration  may  not  converge  to  the  correct  value. 
If  the  elimination  occurs  too  late,  the  order  of  the  PWL  operators  be¬ 
comes  too  large  and  much  unnecessary  computation  is  required. 

Two  methods  for  eliminating  redundant  sections  of  PWL  operators  were 

tried.  Using  the  slope -intercept  form,  the  k  section  was  eliminated 

til  til 

if  the  differences  between  the  k  slope  and  the  (k+l)  slope  euid  be- 
til  til 

tween  the  k  Intercept  and  the  (k+l)  intercept  were  sufficiently  small. 

This  method  proved  to  be  unsatisfactory  because  very  short  sections  were 

not  always  eliminated.  It  is  better  to  use  the  breakpoint  form  and  to 
th 

eliminate  the  k  breakpoint  when  the  dlstemce  between  this  breakpoint 
and  the  line  Joining  the  two  adjacent  breakpoints  is  sufficiently  smeill. 

fVy)  and 

the  line  Joining  the  points  ^\+l'yk+l^ 

S  .  \  ^.1  -  -X-l 

is 

sufficiently  close  to  the  line  and  is  deleted. 

Both  the  slope -intercept  form  and  the  breakpoint  form  of  PWL  opera¬ 
tors  were  tried  for  computer  analysis  of  IVL  networks,  and  it  was  de¬ 
cided  to  use  the  breakpoint  form  for  the  following  reasons: 

1.  When  iterative  procedures  are  used,  simplification  in  terms  of 
breakpoints  works  better  than  simplification  in  terms  of  slopes  and 
Intercepts . 

2.  The  inversion  operation  is  easier  and  faster. 

3.  Scaling  is  easier  in  the  breakpoint  form  since  a  very  lEurge  range 
of  slopes  must  be  accomodated  in  the  slope -intercept  form. 

4.  Since  the  output  is  in  terms  of  points  instead  of  slopes  and  inter¬ 
cepts,  it  is  easier  to  plot  the  results. 

5.  In  breakpoint  form,  no  special  code  is  needed  to  distinguish  the 
various  types  of  PWL  operators. 


If  s  is  less  than  a  prescribed  value  of  e,  the  point  (Xj^, 


The  ratio  of  the  perpendlcxilar  distance  between  the  point  (Xj^ 
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C.  SUBROUTINES  FOR  WORKING  WITH  PWL  OPERATORS 


The  BALGOL  subroutines  that  were  written  for  manipulating  PWL  opera¬ 
tors  on  the  Burroxighs  220  Computer  will  now  be  dlscvissed.  A  complete 
listing  of  these  subroutines  Is  given  In  Appendix  C. 


TABLE  2.  BASIC  SUBROUTINES  FOR  PWL-OPERATOR  ROUTINE. 


SUBROUTINE 

NAME 


FUNCTION  OF  SUBROUTINE 


INPUT  PARAMETERS  TO  SUBROUTINE 


INP 

Raad  a  PWLO  from  data  earda 

65 

PRT 

Print  a  PWLO 

65 

TFR 

Tranafar  a  PWLO  froa  one 

61 

loe.  to  aaotbar 

H 

INV 

Invert  a  PWLO:  D  “  A‘ ^ 

61 

H 

ADD 

Add  2  PWLO' a:  D  -  A  B  I 

61 

SUB 

Subtract  2  PWLO* a:  \ 

62 

D  -  A  -  B  / 

H 

MUL 

Multiply  2  PWLO* a;  f 

D  -  AB  J 

ABC 

Trivolva  3  PWLO*  a: 

61 

D  *  A*B*C 

63 

AODI 

SUBI 

COMP 


A44  identity  onerntor  to  ^ 
PfLO:  D  i  A  +  I  I 

Subtract  idautity  ouarator  / 
freu  a  PiLO:  D  ■  A  -  I  J 


Coapara  A  and  B 


loe.  wkara  PWLO  ia  to  ba 
•torad 

loe.  of  PWLO  to  ba  printed 

old  loe.  of  PWLO 
now  loe.  of  PWLO 


loe. 

loe. 


of  A 
of  D 


loe.  of  A 
loe.  of  B 
loe.  of  D 


(H  f  Gl) 
H) 


(Gl 

(G2 


\  H) 


61  •  loe.  of  A;  G2  -  loe.  of  B 
63  •  loe.  of  C;  H  “  loe.  of  D 


61  ■  lee.  of  A 
H  ■  lee.  of  D 


61  -  loe.  of  A:  62  ■  loe.  of  B 
EPS3  *  alloaabla  diff.  ia 
y-coordiaataa 


TABLE  3.  AUXILIARY  SUBROUTINES  FOR  PWL-OPERATOR  ROUTINE. 


SUBROUTINE  NAME 

FUNCTION  OF  SUBROUTINE 

ASM 

ADD.  SUB.  and  MUL  subrovtiaas  to  coaparo 
broafcpoiats  of  A  aod  B  and  to  eoapata  tba  braak- 
poiata  of  D. 

SIMPLIFY 

Eliainata  raduadant  pointa  froa  a  PWLO. 

ORD 

PBLO  to  aaa  if  tba  rova  ara  ia  ataadard 
ordar . 

REORD 

Reorder  a  PWLO  if  it  ia  not  ia  ataadard  order. 

SET 

Coaputa  array  locationa  of  A,  B,  and  D. 

SHIFT 

ky  aubroutinaa  TFR  and  INV  to  relocate  a 

r  wlaO • 
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An  array  of  3200  words  in  the  computer  memory  is  allocated  for  stor¬ 
age  of  FWL  operators.  An  n^^-order  PML  operator  in  breakpoint  fonn  re¬ 
quires  2(n  +  l)  words  of  storage,  so  a  maximum  of  l6  FWl  operators  of 
order  99  or  less  can  be  stored  in  this  array.  The  location  of  each  PWL 
operator  in  the  array  is  designated  by  eui  integer  from  1  to  l6. 

Since  the  space  occupied  by  a  IVL  operator  is  variable,  an  additional 
array  of  l6  words  is  provided  to  store  the  size  of  each  of  these  PWL 
operators. 

The  basic  subroutines  which  have  been  written  for  working  with  PWL 
operators  are  described  in  Table  2.  To  use  one  of  the  subroutines,  the 
progranmer  specifies  the  values  of  the  input  parameters  followed  by  the 
statement  ENTER  NAME;  where  NAME  is  the  name  of  the  subroutine.  For 
example,  to  multiply  the  PWL  operator  in  location  2  by  the  IVL  operator 
in  location  ^  and  store  the  result  in  location  8,  the  following  calling 
sequence  is  iised: 


G1  *  2;  02  *  5;  H  «  8;  ENTER  MUL; 


The  auxiliary  subroutines  listed  in  Table  3  are  used  by  the  basic  sub¬ 
routines  and  are  not  used  directly  by  the  programmer. 

1.  Input  and  Output 

The  iVL  operators  that  are  to  be  used  as  input  to  the  program  are 
listed  on  data  cards  in  breakpoint  form  in  the  following  format : 


O  O  -L  1 


X  y 
n  •'n 


where  n  is  the  order  of  the  PWL  operator  and  N  *  n  +  1  is  the  number 
of  rows.  The  calling  sequence 

G5  =  L;  ENTER  INP; 

is  used  to  read  in  a  PWL  operator  and  store  it  at  location  L. 

To  print  the  IWL  operator  which  is  stored  at  location  L,  the  fol¬ 
lowing  calling  sequence  is  used 

G5  =  L;  ENTER  H^T; 
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The  output  appears  on  the  line  printer  In  the  following  fonnat: 


COUMT  N  X  y 
o  o 

*4  ^4 


*1  ^1  ^  ^2 

*5  ^5  *6  y6 


X3  y3 

*7  ^7 


COUNT  Is  an  Integer  used  for  Identifying  the  output. 

2.  Inversion 

To  Invert  the  PWL  operator  stored  at  L  and  store  the  Inverse  at 
the  calling  sequence 

G1  *  H  =  Lgi  ENTER  INV; 


Is  used.  The  Inversion  process  Is  easy  to  carry  out  on  the  conputer 
since  It  Is  necesseury  only  to  recopy  the  FWL  operator  with  the  x's  and 
y's  Interchanged.  After  recopylng,  If  the  FWL  operator  Is  not  In  stand¬ 
ard  order^  the  order  of  the  rows  Is  reversed  by  Interchanging  x^  and 

y^  with  x^  and  y„,  x.  and  y,  with  x^  ,  and  y^  etc. 

0  n  n  1  1  n-i  n-i' 

The  subroutine  (SU)  Is  used  to  check  the  order  of  the  rows,  nils 
subroutine  first  computes  r^  and  r^,  the  slopes  of  the  Initial  and 
final  segaents.  If  Xj^  <  Xg  and  r^  >  r^  or  If  Xjj 
r^  <  r^,  reordering  Is  required. 

3.  Addition,  Subtraction^  and  Multiplication 

The  subroutines  for  addition,  subtraction,  and  multiplication  of 

PWL  operators  have  a  leurge  section  In  conaon,  so  they  will  be  discussed 

together.  These  subroutines  will  hmdle  multi-valued  as  well  as  single - 

valued  FVL  operators.  The  flow  chart  for  these  subroutines  Is  shown  In 

Fig.  60.  The  numbers  and  letters  enclosed  In  trapezoids  refer  to  labels 

In  the  program.  The  IWL  operators  being  added,  subtracted,  or  multiplied 

are  referred  to  as  A  and  B,  and  their  sum,  difference,  or  product  as 

th 

D.  The  coordinates  of  the  J  breakpoint  of  A  ve  designated  by  XA. 
and  YAj,  the  coordinates  of  the  breakpoint  of  B  (of  B"*^  If 
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multiplication  is  being  caurried  out)  by  XB^  and  and  the  coordi¬ 

nates  of  the  breakpoint  of  D  by  XDj^  and  YDj^.  The  subscripts  J 
and  K  can  be  Indexed  in  either  direction.  Increasing  J  (or  K) 
corresponds  to  moving  doim  the  coliann  in  A  (or  B),  while  decreasing 
J  (or  K)  corresponds  to  moving  the  column.  The  previous  value  of 
J  (or  K)  Is  designated  by  JP  (or  KP).  The  program  operates  in  two 
modes.  The  normeil  mode  corresponds  to  moving  to  the  right  along  the 
PWL  curves,  and  the  reverse  mode  corresponds  to  moving  to  the  left.  The 
nisiber  of  rows  in  A  is  NA  and  the  number  of  rows  in  B  is  NB. 

After  the  locations  of  the  PWL  operators  in  the  array  have  been 
computed,  the  variable  OP  is  set  equal  to  0,  1,  or  2  to  Indicate 
addition,  subtraction,  or  multiplication  respectively.  The  mode  and  di¬ 
rections  for  J  and  K  are  initially  selected  according  to  Table  4. 

If  down  is  selected  for  J  (or  K),  J  and  JP  (or  K  and  KP)  are 
initially  assigned  the  values  1  and  2  respectively.  If  up  is 
selected,  the  values  NA  and  NA-1  (or  NB  and  NB-l)  are  assigned 
Instead.  When  an  attempt  is  made  to  add,  subtract,  or  multiply  two  PWL 
operators  that  are  incompatible,  the  problem  is  rejected,  and  the  error 
message,  "REJECT,"  is  printed.  The  main  loop  of  the  subroutine,  which 
begins  with  the  block  labeled  COMPARE,  is  traversed  repeatedly  until 
all  of  the  breakpoints  of  A  and  B  have  been  compared.  The  values  of 
XD^  and  are  computed  using  the  equations  shown  on  Fig.  6o.  Then 

J,  K,  or  both  are  increased  or  decreased  as  is  appropriate,  auid  a  test 
for  corner  points  is  perfoised.  Whenever  a  corner  is  detected,  the  mode 
of  operation  is  chcuiged.  If  A  haus  a  corner,  the  direction  of  K  is 
changed;  and  if  B  has  a  comer,  the  direction  of  J  is  chwged.  Then 
L  is  Increased,  and  before  going  eu:t>und  the  loop  agedn,  a  check  is  made 
to  see  if  the  last  section  of  either  A  or  B  has  been  reached.  Since 
the  procedure  used  at  the  endpoints  is  different  from  that  at  the  inter¬ 
ior  breakpoints,  a  different  path  is  followed  the  first  and  last  times 
throu^  the  loop.  The  first  time,  a  path  labeled  "FIRST  »  1"  is  fol¬ 
lowed,  and  the  last  time,  a  path  labeled  "LAST  »  1"  is  followed.  After 
the  last  time  through  the  loop,  the  answer  is  simplified  by  deleting  re¬ 
dundant  points,  and  the  order  of  the  points  is  reversed  if  they  are  not 
already  in  conventional  order. 
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TABLE  4.  MODE  SELECTION. 


Type  of 

B* 

Mode 

J 

f  Direction 

K  Direction 

LR 

Type 

LL 

of  A 

hl  fm 

LR 

Type 

LL 

of  A 
RL 

RR 

LR 

Type 

LL 

of  t 

RL 

1 

RR 

LH** 

N 

N 

N 

R 

D 

D 

u 

D 

D 

D 

D 

U 

LL 

N 

N 

N 

X 

D 

D 

u 

X 

D 

D 

D 

X 

RL 

N 

N 

N 

R 

D 

D 

u 

D 

U 

U 

U 

D 

RR 

R 

X 

R 

R 

u 

X 

D 

D 

D 

X 

D 

D 

N  *=  Normtl  R  ■  R«v«r««  D  ■  Down  U  =  Up  X  ■  Rnject 

*  then  nul tipli cation  ia  boing  carried  out,  type  of  B* ^  ia  uaed  inatead. 

»  • 

See  Table  1  for  explanation  of  typo  de ei gn a t i on  a . 

4.  Trlvolutlon 

Ttie  svibroutlne  for  triyolution  uses  a  modification  of  the  section 
method  described  in  Section  IV.  F.  If  A  is  in  location  B  is  in 

and  C  is  in  Ly  the  celling  sequence 

G1  »  *  ^3*  ^  *  ^4*  ENTER  ABCj 

is  used  to  compute  D  »  A*B*C  and  store  D  in  location  L^.  As  in 
Eq.  (93)  (p.  79)>  is  computed  for  each  section  of  C  by  the  equa¬ 
tion 

Xj^  .  [(A  -  (B  -  Cj^)  -  I]’^ 

th 

where  Cj^  is  the  k  section  of  C  and  Cj^  is  the  slope  of  Cj^. 

Rather  than  using  Eq.  (96)  to  coio^lne  the  Xj^'s  to  form  the  final  solu¬ 
tion,  a  faster  method  is  used.  After  each  X.  has  been  computed,  the 

it 

appropriate  sections  of  X.  ,  which  lie  between  the  (k-1)  eind  the 
th  ^ 

k  breedcpoint  of  C,  are  selected  emd  combined  to  form  D. 

This  procedure  will  eilways  give  the  correct  answer  if  D  is 
single -valued,  but  it  may  give  the  wrong  answer  if  D  is  multi-valued. 
Therefore,  after  D  has  been  computed,  the  answer  is  checked  by  substi¬ 
tution  In  the  equation  A(D  +  I)  s  BD  +  C.  If  the  answer  fsills  to  check, 
another  attempt  to  compute  D  is  made  by  interchanging  B  and  C  and 
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using  the  equation 


D  =  (A*C*B)"^ 

The  correct  answer  Is  usually  obtained  on  the  second  try  unless  D  Is 
multi-valued  in  both  directions.  If  the  emswer  doesn't  check  the  second 
tlffle^  the  problem  is  rejected  and  the  error  message  "REJECT"  is  print¬ 
ed. 

5.  Comparison  of  PWL  Operators 

When  solving  a  FWL  operator  equation  by  an  iterative  procedure, 
a  test  for  convergence  of  the  iteration  is  needed.  Ihe  iteration  can  be 
terminated  when  two  successive  approximations  to  the  solution  differ  by 
a  sufficiently  small  amount.  Ihe  calling  sequence 

'  G1  ■  Lj^;  G2  «  Lg;  ESTER  COMP; 

^  is  used  to  compase  the  IVL  operator  stored  in  location  with  the  one 

stored  in  I^.  If  the  difference  between  the  two  FSL  operators  is  within 
the  prescribed  limit,  the  variable  BCONP  is  set  equal  to  1;  otherwise, 

•  BCOMP  is  set  equal  to  0.  IMs  variable  can  then  be  tested  to  determine 

whether  or  not  the  iteration  should  be  terminated. 

Hie  IVL  operators  being  ccapared  aure  first  subtracted  and  the 
difference  is  simplified  by  elimination  of  redundant  points.  After  sim¬ 
plification,  if  the  two  FWL  operators  being  compared  are  nesurly  equal, 
the  difference  will  have  the  form. 

if  it  is  defined  for  all  vailues  of  the  Independent  variable 


if  it  is  defined  for  a  soii -infinite  range  of  values  of  the 
independent  variable. 

In  the  first  case,  if  |y^l<e,  and  lygl^®,  or  in  the  second  case,  if 
ly^|<e,  jyglce,  and  |y2l<£4  bhe  difference  between  the  two  PWL  opera- 


p^i'  i'll 

b'  i'd 

r 

Xi,  y^ 
xg,  yg 

_X3,  y3_ 
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tors  being  compared  Is  close  to  zero  euid  the  comparison  checks.  The 
value  of  e  that  Is  used  depends  on  the  accuracy  desired  In  the  final 
solution. 

D.  A  SAMPLE  PROGRAM  FOR  PWL  NETWORK  ANALYSIS 

A  sample  program  will  now  be  presented  to  illustrate  how  the  IVL 
operator  subroutines  are  used  to  solve  PWL-operator  equations.  The  pro¬ 
gram  that  was  used  to  derive  the  input  v-1  cheuracterlstlc  of  the  network 
of  Fig.  43  Is  listed  In  Table  as  reproduced  from  punched  cards.  The 
Information  Included  In  the  COMMENT  decleuratlons  Is  explsuiatory  materl 
al  that  has  no  effect  on  the  program. 

The  program  Is  read  Into  the  computer  following  the  FWL  subroutines 
listed  In  Appendix  C.  After  the  FWL  operators  have  been  reeui  from  data 
cardSj  the  Iteration  Is  carried  out  using  Eqs.  (154)  and  (155)>  (p.  IO6) 
imtll  the  comparison  between  two  successive  approximation  checks.  Then 
the  input  resistance  is  computed  using  Eq.  (I56).  The  values  of 
and  Yj^  after  each  iteration  and  the  final  result  are  printed  out  on  the 
line  printer. 
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TABLE  S.  PROGRAM  FOR  ANALYSIS  OF  FIG.  iS. 


i 


COMMENT  READ  IN  Rl.  -IR2+I).  -(R3+I).  R4t  YO  $ 

*  PIT..  FOR  G5-(l.l»5)$  ENTER  INPl 

EPS1«EPS2»EPS3«EPS4»0. 00005$ 

COMMENT  START  ITERATION  $ 

FOR  COUNT»(1-.1.20)$  BEGIN 
COMMENT  COMPUTE  X(K+1)  $ 

Gl-lS  62>2$  G3«5$  H*6$  ENTER  ABCS  G5>6S  ENTER  PRTS 

COMMENT  COMPUTE  YIK+l)  $ 

I 

G1«4S  G2>3$  63«6S  H>7S  ENTER  ABCS  G5«7S  ENTER  PRTS 
COMMENT  COMPARE  Y(IC)  AND  Y(IC  +  1)  S 

G1«5S  G2-7S  ENTER  COMPS  IF  BCOMPS  GO  PITAS 
COMMENT  REPLACE  YIK»  WITH  Y(K+1)S 

*  G1>7S  H-5S  ENTER  TFR  ENDS 

COMMENT  IF  COMPARISON  CHECKS.  COMPUTE  INPUT  RESISTANCE  S 
P17A..G1-6S  H>6S  ENTER  ADDIS  G1>1S  G2-8S  H-9S  ENTER  MULS 

G1«7S  H>10S  ENTER  ADDIS  G1>4S  G2-10S  H-llS  ENTER  MULS 

G1«9S  G2-11S  H>12S  ENTER  ADDS  G5*12S  ENTER  PRTS 


Not*:  Oa  kay-pvaeli  •^vipaoat,  tli*  dollar  aiga  i*  aaod  iaataad  of  tk* 

aoai 'coloa. 
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X.  CONCLUSIONS 


A.  APPLICATIONS  OF  PWL  OPERATORS 

PWL  operators  provide  a  systematic  method  for  eunalyzing  PWL  networks 
that  is  suitable  for  use  with  a  digital  computer.  To  analyze  a  non¬ 
linear  network,  the  characteristics  of  the  nonlinear  elements  are  approx¬ 
imated  by  PWL  curves,  these  curves  are  represented  by  PWL  operators,  the 
network  equations  are  written  in  terms  of  the  PWL  operators,  and  these 
equations  are  solved  to  give  the  desired  network  characteristic. 

PWL  operators  are  most  useful  for  determining  the  input  suid  transfer 
characteristics  of  resistive  PWL  networks.  Series -parallel  networks  and 
more  general  networks  that  contain  two  PWL  resistors  can  easily  be  amal- 
yzed  in  terms  of  the  basic  algebraic  operations  that  have  been  defined 
for  PWL  operators.  The  method  has  been  extended  to  networks  containing 
three  IVL  resistors  by  introducing  a  new  operation  csJ-led  trivolution, 
and  four  or  more  PWL  resistors  can  be  handled  by  using  a  combination  of 
trl volution  and  iterative  procedures.  Since  the  transient  response  of 
R-C,  R-L,  and  L-C  PWL  networks  can  be  expressed  in  terns  of  PWL  opera¬ 
tors,  the  use  of  PWL  operators  in  the  analysis  of  such  networks  looks 
promising. 

The  methods  developed  for  the  Euialysls  of  resistive  PWL  networks  can 
be  extended  to  the  limiting  case  of  nonlinear  networks  through  the  use 
of  appropriate  graphical  procedures.  If  one  is  willing  to  carry  out  the 
operations  of  addition,  subtraction,  multiplication,  inversion,  and  tri¬ 
volution  graphically,  the  PWL-operator  method  that  has  been  developed 
can  be  applied  directly  to  the  nonlinear  characteristics  without  first 
making  PWL  approximations. 

B.  COMPARISON  WITH  OTHER  METHODS 

The  main  advantages  of  the  PWL-operator  method  are  that  its  system- 
matic  nature  makes  it  relatively  easy  to  program  for  a  digital  computer 
and  that  unnecessary  computation  is  kept  to  a  minimun.  An  Important  dis¬ 
advantage  is  that  iterative  methods  are  needed  to  solve  meuiy  types  of 
PWL-operator  equations. 


.16-'  . 


The  breakpoint  method  Euid  the  method  of  assumed  states  for  analysis 
of  PWL  networks  require  that  each  PML  circuit  element  be  represented  by 
a  circuit  model  that  contains  Ideal  diodes,  and  the  IndlvlduGil  states 
of  these  Ideal  diodes  must  be  examined  during  the  covtrse  of  the  analysis. 
The  PWL-operator  method  avoids  the  necessity  of  drawing  an  Ideeil-dlode 
model  and  permits  one  to  work  directly  In  terms  of  the  characteristic 
curves  of  the  PWL  elements.  When  each  fWL  cheuracterlstlc  has  several 
sections,  considerable  work  may  be  saved  by  using  PWL  operators.  In  the 
breakpoint  method,  and  especially  In  the  method  of  assumed  states,  the 
amount  of  work  required  goes  up  rapidly  with  the  number  of  diodes.  Much 
unnecessary  computation  may  be  required  before  the  final  result  Is  ob¬ 
tained  unless  the  problem  solver  can  guess  the  nature  of  the  solution  on 
the  basis  of  his  experience. 

In  the  PWL-operator  method,  only  those  computations  actually  neces¬ 
sary  for  the  final  result  need  be  performed.  In  Stern's  method,  addi¬ 
tion  of  two  PWL  characteristics  requires  that  every  section  of  one  be 
added  to  every  section  of  the  other,  but  In  the  PWL-operator  method,  a 
selection  of  the  sections  to  be  added  Is  made  before  the  addition  Is 
carried  out.  As  an  example,  compare  the  amount  of  work  Involved  In  the 
PWL-<^rator  addition  of  Eq.  (30)  with  the  equivalent  addition  in  Stem's 
notation  (Bq.  A-9).  Ohe  superiority  of  PWL  operators  In  this  example  is 
quite  apparent.  The  result  obtained  In  Stem's  notation  contains  nine 
sections,  three  of  which  are  redundant. 

During  the  course  of  the  solution  of  a  problem  in  Stem's  notation, 
the  addition  process  frequently  Introduces  redundant  sections,  llie  only 
method  Stem  gives  for  elimination  of  redundant  sections  is  to  sketch 
the  PWL  function  each  time  addition  is  carried  out.  If  the  redundant 
sections  are  not  eliminated  as  they  occur,  the  algebra  becomes  needless¬ 
ly  complicated,  and  the  final  expression  obtained  in  the  analysis  of  a 
network  that  contains  n  diodes  may  have  2*^  terms.  For  a  function  of 
two  or  more  variables,  elimination  of  redundant  sections  by  sketching 
the  function  is  clearly  Impossible,  and  Stem  does  not  give  euiy  method 
of  elimination  in  this  case.  Redundant  sections  su*e  rarely  introduced 
in  the  addition  of  PWL  operators,  and  if  they  are  introduced,  they  are 
easily  eliminated. 


The  more  concise  FWL-operator  notation  Is  better  suited  for  a  digital 
computer  program  than  Stern's  notation.  Stern's  method  would  be  diffi¬ 
cult  to  program  for  several  other  reasons.  In  particular;  elimination  of 
redundant  sections  by  sketching  the  function  would  be  difficult.  The 
fact  that  a  given  FWL  function  can  be  expressed  in  many  different  forms 
in  Stem's  notation  would  also  cause  trouble.  The  representation  of  a 
given  IVL  function  in  terms  of  IVL  operators  in  slope -intercept  form  is 
unique.  It  is  much  easier  to  go  back  and  forth  between  graphical  euid 
PWL-operator  representation  of  PWL  functions  than  between  graphical  and 
Stem's  representation. 

Stem  does  not  explicitly  state  what  class  of  problems  cam  be  solved 
by  his  method.  Just  as  in  the  PWL-operator  method;  once  the  equations 
for  a  problem  have  been  set  up,  there  is  no  guarantee  that  they  cam  be 
solved.  There  are  two  places  in  the  solution  by  Stern's  method  where  we 
may  run  into  difficulty — the  implicit  equation  theorem  and  the  inversion 
theorem.  The  conditions  under  which  these  theorems  can  be  applied  aure 
stated  in  Appendix  A.  Situations  arise  where  the  solution  of  equations 
written  in  Stern's  notation  cannot  be  completed  because  the  conditions 
for  applying  one  of  these  theorems  aure  not  satisfied. 

Some  problems  that  cannot  be  solved  by  FWL  operators  can  be  solved 
by  Stem's  method  and  conversely.  Seme  IWL-operator  equations  that  cam- 
not  be  solved  without  iteration  can  be  converted  to  Stern' s  notation  amd 
solved  directly.  Since  multl-v^ued  FWL  characteristics  camnot  be  repre¬ 
sented  explicitly  in  terms  of  0"  transformations,  problems  that  involve 
this  type  of  characteristic  cannot  be  solved  by  Stern's  method.  PWL 
functions  of  two  variables  can  be  represented  more  easily  in  Stem's  no¬ 
tation  them  in  IWL-operator  notation,  and  some  two-port  network  problems 
which  cannot  be  solved  by  FWL  operators  can  be  solved  by  Stern's  method. 
In  problems  that  cam  be  solved  by  both  methods,  the  PWL-operator  method 
generally  requires  less  work. 

C.  SUC3GESTI0NS  FOR  FUTURE  WORK 

Ibis  research  has  created  as  many  new  problems  as  it  has  solved. 
Better  methods  are  needed  for  the  solution  of  IWL-operator  equations 
without  the  use  of  iteration.  A  method  for  generalizing  PWL  operators 
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to  represent  functions  of  two  variables  would  facilitate  the  analysis  of 
PWL  two-ports.  A  more  rigorous  development  of  the  theory,  especially 
for  the  case  of  multi-valued  operators,  would  be  helpful.  In  particular, 
a  rigorous  proof  that  Eq,.  (63)  cannot  be  solved  in  terms  of  the  basic 
algebraic  operations  is  needed.  Application  of  IVL-operator  methods  to 
synthesis  of  PWL  networks  should  be  Investigated.  The  most  useful,  and 
probably  the  most  difficult,  extension  of  IVL-operator  theory  would  be 
the  developnent  of  methods  for  the  solution  of  IVL  differential  equations 
in  terms  of  IVL  operators. 
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APPENDIX  A:  STERN'S  METHOD  FOR  ANALYSIS  OF  PWL  NETWORKS 


As  discussed  In  Section  II.  E.,  IVL  characteristic  curves  can  be  ex¬ 
pressed  in  terms  of  0"  treuasf ormations .  Stern's  algebra  [Refs.  4,5] 
for  working  with  these  transformations  Is  summarized  here  for  comparison 
with  the  PWL-operator  method. 

0~  transformations  are  defined  to  transform  vectors  Into  scalars. 

If  p  Is  the  greatest  member  of  the  vector  pt,  and  Is  the  least 
member,  then  =  p  and  00”  =  q 

EXAMPLE:  (l,2,3)0'^  =  3  (1,2, 3)0”  =  1 

A  vector  addition,  which  Is  associative  and  conmutatlve.  Is  defined. 

The  components  of  the  vector  sum  a  0  0  consist  of  all  possible  sums  of 
one  component  of  a  emd  one  component  of  0. 

EXAMPIE:  (1,2,3)  ©  (4,6,8)  =  (5,6,7,8,9,10,11) 

The  product  of  a  scalar  c  and  a  vector  a  «  (a^,  ag, ...,a^)  is 

ca  c  (ca^,  cag, . . .,ca^).  Scaleur  multiplication  is  distributive  with 

c(a  ©  0)  >  ou  ©  c0.  The  following  rules  are  useful  in  the  solution  of 
PWL-network  problems: 


+ 

jc(o0”)  if  c  >  0 

(ca)0”  « 

^(00^)  if  c  <  0 

(A-1) 

+ 

* 

00”  « 

-  [(-a)0^] 

+ 

(A-2) 

If  a  . 

(a),  00”  »  a 

(A-3) 

+ 

+  + 

(a  ©  0)  0”  . 

00"  +  00” 

(A-4) 

+  + 

+ 

(00”,  0)  0”  = 

(a,  0)  0' 

(A-5) 
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nie  Inversion  theorem  provides  a  method  for  inverting  PWL  functions 
that  are  expressed  in  terms  of  0~  treuisformations.  If 

+ 

^  y  =  F(x)  =  [f^(x),  f2(x),...,f^(x)]  0~ 

and  each  f^(x)  is  a  continuous,  monotonlcally  increasing  function,  then 

% 

X  =  F‘^(y)  =  [fj^’^Cy),  ^ 

“  + 

If  the  F^'a  are  monotonlccdly  decreasing,  0^  is  replaced  with  0~  in 
Eq.  (A-6). 

EXAMPLES: 

y  =  (x  +  2,  2x  +  k)0  has  the  inverse  x  =  (y  -  2,  ^y  -  2)0“ 

|»  y  =  (2x,  -X  +  1)0“  is  not  invertible 

y  =  [(x  +  2,  2x  +  4)0^,  3x  -  6]0“  has  the  inverse 

X  =  [(y  -  2,  iy  -  2)0“,  ^  +  2]0'" 

,  The  implicit  equation  theorem  states  the  conditions  mder  which 

+ 

F(x,y)  =  [f^(x,y),f2(x,y),...,fj^(x,y)]0"  =  0 

can  be  solved  e]q)llcltly  for  y.  If  each  f^  is  continuous  and  mono- 
tonlcedly  increasing  (or  decreasing)  in  y  for  any  constant  x,  and 
each  equation  fj^(x,y)  =  0  has  an  explicit  solution  y  =  g^(x),  then 

y  =  G(x)  =  [gj^(x),g2(x),...,g^(x)]0^^“^  (A-7) 

In  particular,  the  equation 

+ 

F(x,y)  =  (a^+b^x+c^y,  a^+b^x+Cgy;  . . . ,  )^'  =  0 

cam  be  solved  for  y  as  a  function  of  x  if  and  only  if  all  of  the 
c^'s  are  non-zero  amd  of  the  same  sign. 
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EXAMPLES: 


(x+y+1,  y-x)0^  «  0  has  the  solution  y  =  (-x-1,  x)0“ 

[(x+y+l,  y-x)0'*’,  ^+3x“2]0"  a  0  has  the  solution  y  =  [( -x-l,x)0",4-6x]0'*’ 

Neither  of  these  equations  can  be  solved  for  x. 

The  same  IVL  function  may  be  represented  in  a  number  of  equivalent 
forms.  For  example, 

+  (y3>y4)0’  »  [(yi+y3,  yi+y^)^",  {y2*'^y  (a-8) 

+ 

In  terms  of  0~  transformations,  the  sum  of  the  IVL  curves  in 
Fig.  18  is 

y  a  [(|,  x+l)0^,  |f2]0‘  +  x-3)0^,  2x+ll]0‘ 

=  [(|,  x+l)0^  +  (-^2,  x.3)0^,  (|,  x+l)0^  +  (2X+11), 

(|^2)  +  (.^2,  x.3)0^,  (|f2)  +  (2x+ll)]0“ 

=  [(f^2,  -3,  ^  +3,  2x.2)0^,  (|*  +11,  3x+12)0+, 

(^4,  -1)0^,  |ifl3]0"  (A-9) 

By  making  a  sketch  of  this  function,  one  can  see  that  three  of  the  terms 
are  redundant.  Eliminating  these  terms,  we  obtain 

y  =U^2,  ^3,  2x.2)0^  ^11,  (f+4,  -1)0^]0-  (A-9a) 

This  result  is  equivalent  to  that  obtadned  in  Eq.  (30)«  It  is  interest¬ 
ing  to  note  that  although  the  IVL  curve  has  only  five  sections,  the 
above  expression  requires  six  terns. 
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APPENDIX  B:  REraESENTATION  OF  FWL  CURVES  WITH  ABSOLUTE  VALUES 

It  Is  often  possible  to  decompose  a  complex  FVL  function  into  a  sum 
of  simpler  PWL  functions.  Ibe  absolute -value  function  is  a  simple  FWL 
function  that  Is  useful  for  this  purpose.  Any  continuous,  single -valued 
FWL  function  can  be  represented  In  terms  of  absolute  values  In  the  form 

f(x)  =  a  +  bx  +^c^  |x  -  b^l  (B-1) 

1 

where  the  b^ 's  are  the  breakpoints.  Since  jx  -  b^|  cheinges  slope  from 
-1  to  4-1  at  X  s  b^,  the  slope  of  f(x)  changes  by  an  amount  2c^  at 
X  «  b^.  Hence,  if  the  slope  of  f(x)  changes  from  r^  ^  to  r^  at  b^, 

(B-2) 

When  X  Is  large  and  positive, 

f(x)  ■  a  +  bx  +^c^  (x  -  bji^) 

1 

so  If  the  slope  of  the  last  section  Is  r^, 

”  'Z  “l 

1 

Setting  X  >  0  gives 

a  -  f(0)  -^c^lbj  (B-4) 

1 

As  an  example,  for  Fig.  ^b, 

V  -  +  I  U+^l  -  I  |i+3|  -  I  li-l|  +  j  |i-4l  (B-5) 

IWL  fxmctlons  esqiressed  in  terms  of  absolute  vedues  are  difficult 
to  meuiipulate.  One  can  readily  appreciate  this  difficulty  If  he  attempts 
to  solve  Eq.(B-^)  for  1.  By  going  back  to  the  graph  of  Fig.  It  is 
possible  to  apply  Eqs.  (B-2),  (B-3),  and  (B-4)  to  obtedn 
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i  =  1  +  |v  -  I  lv+3l  +  J  Iv+ll  +  lv-3l  -  |v-4l 


(B-6) 


but  there  does  not  appear  to  be  any  simple,  direct  method  of  getting 
from  Bq.,  (B-5)  to  Eq.  (B-6). 

Since  the  absolute -value  function  Is  single -valued,  It  Is  Impossi¬ 
ble  to  represent  multi -vailued  IWL  ciuves  in  the  form  of  Eq.  (B-l).  How¬ 
ever,  multi-valued  curves  can  often  be  represented  in  the  more  general 
form 


For  example,  the  values  of  v^  and  1^  that  lie  on  the  curve  of  Fig.  6d 
satisfy  the  equation 

I  Ivg  -  Ig  -  2l  -  I  Ivg  -  ig  +  2l  +  Vg  -  21^  »  0 

The  closed-loop  cheiracterlstlc  of  Fig.  9<^  cem  be  expressed  as 


|i^  -  2y^\  +  li^l  -  2 


The  absolute -value  f\inctlon  cem  be  expressed  In  terms  of  a  IVL  op¬ 
erator  as 

(x)  (B-7) 


a 


since  both  sides  of  the  equation  sure  eq\ial  to  -x  when  x  <  0  euid  equed. 
to  +x  when  x  >  0.  Any  equation  that  Is  written  In  terms  of  absolute 
values  can  be  converted  to  a  fVL-operator  equation  by  using  Eq.  (B-7). 

Any  FWL  function  that  can  ^e  expressed  In  terms  of  absolute  vedues 
can  be  expressed  In  teras  of  0~  transformations  and  conversely.  In  an 
expression  that  contains  absolute  vsdues,  the  relationship 


1x1  =  (-X,  x)0*' 


(B-8) 


can  be  used  to  replace  every  absolute  value  with  a  0^  transformation. 
Going  from  0"  transformations  to  absolute  values  is  more  difficult. 
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If 

X  > 

y> 

lx  -  yl  >  X  -  y  and 

i(x  +  y  + 

lx  -  y| )  =  X  ; 

if 

VI 

X 

y, 

lx  -  yl  »  y  -  X  and 

i(x  +  y  + 

lx  -  yl )  =  y  . 

i(x  +  y  +  lx  -  yl)  =  (x,y)0^  (B-9) 


and  similarly 


I- 


^(x  +  y  -  lx  -  yl )  =  (x,y)0"  (B-IO) 

Equations  (B-9)^  (B-IO),  and  (24)  can  be  used  to  convert  any  expression 
that  contains  0  transformations  into  em  equiveQent  e]q>ression  that  con¬ 
tains  absolute  vedues.  For  example, 

(x,y,z)0^  » 

“  i[  +  y  +  -  yl )  +  *  +  li(x  +  y  +  lx-yl)  -  *1] 

An  attempt  was  made  to  develop  a  method  for  analyzing  FWL  networks, 
based  on  the  absolute -value  representation  for  FWL  curves.  IMs  effort 
was  abandoned  because  any  expression  written  in  terms  of  absolute  values 
is  easily  converted  to  IVL-operator  notation  or  to  Stem's  notation, 
both  of  which  are  easier  to  manipulate  than  absolute  values. 
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APPENDIX  Or  FWL-OPERATOR  SUBROUTINES 


The  subroutines  for  working  with  IWL  operators,  which  are  described 
in  Section  IX.  C.,  are  listed  here  for  reference.  These  subroutines 
have  been  thoroughly  tested  using  various  combinations  of  single-  and 
multi-valued  PWL  operators.  Any  of  the  ten  types  of  FWL  operators  shown 
in  Fig.  17  may  be  used  as  input,  with  the  restriction  that  infinite 
slopes  are  not  permitted  in  the  addition,  subtraction,  multiplication, 
and  tri volution  subroutines. 

To  increase  the  operating  speed  of  the  subroutines,  ed.!  of  the  PWL 
operators  are  stored  in  a  single  one -dimensional  array.  A,  rather  than 
in  multi -dimensional  arrays.  Instead  of  the  notation  XAj,  YA^,  XB^^, 
YBj^,  XD^,  and  YD^,  which  is  used,  in  Section  IX.  C.,  the  notation 
A(XA4J),  A(YA+J),  A(XB+K),  A('^K),  A(XD+L),  and  A(YD+L)  is  used  in  the 
program. 

Ihe  programs  for  the  problems  to  be  solved  should  be  placed  after 
the  subroutines.  Ihe  first  statement  in  each  program  should  be  labelled 
PI,  P2,  or  P3,  etc.,  and  the  last  statement  should  be  GO  NEXT;.  The 
SWITCH  statement  at  the  end  of  the  listing,  which  provides  a  means  for 
selecting  the  problem  to  be  solved,  should  be  filled  in  with  the  appro¬ 
priate  statement  labels. 

The  reader  should,  refer  to  the  Burroughs  Algebraic  Compiler  Manual 
[Ref.  8]  for  a  complete  explanation  of  the  compiler  leuiguage. 
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COMMENT  P’ECEWISE-LINEAR  OPERATOR  SUBROUTINESS 


FLOATING  A( ) ♦ T ... »YAP.YBP» EPS. .. »U .V .01 »Q2 . RC *YC .SLOPES 
BOOLEAN  B... .NORM. REVJ.REVK. CORN J.CORNK. END J*ENDK. FIRST. LASTS 
INTEGER  OTHERWISES 
ARRAY  A(30OO) .N( 19>$ 

MA=200$  MB=100S  PR0B»0$  EPS1=0. 00001$  EPS2«EPS3»EPS4«0.000lS 

GO  NEXTS 

INPUT  DATAINl.FOR  1 1  =  ( 1 . 1 .N1 ) S ( A ( X1+ 1 1 ) .A ( Y1  + 1 1 )  )  I S 
OUTPUT  ANSICOUNT.Nl.FOR  1 1 = ( 1 , 1 .N 1 ) S ( A ( X1  + 1 1 ) . A ( Y1  + 1 1 ) ) ) S 
FORMAT  FMT( 1 4 . 1  5 .4 ( X15 .6 .B1 . XI 1 . 6 ) .W4 . ( B9 .4 ( X 1 5 . 6 . B1 .XI 1 . 6 ) ♦ WO ) )S 
FORMAT  HDGl (»REJECT*.W)$  FORMAT  HDG2(*L  TOO  LARGE*. W»S 
FORMAT  H0G3(*C0MPARIS0N  CHECKS*.W)$ 

FUNCTION  SLOPE! X.Y.M)= ( A( Y+M+1 )-A(Y+M) ) / ( A ( X+M+1 ) -A ( X+M ) )S 
FUNCTION  BF(U.V)=NORM  EQIV  (U  LSS  VIS 

SUBROUTINE  INPS  BEGIN  Xl*(G5-l)MAS  Yl*Xl+MBS  COUNT»Gb+900S 
READ! SSOATAIS  N(G5)=N1S  WR  I TE ( SSANS.FMT ) S  RETURN  ENDS 

SUBROUTINE  PRTS  BEGIN  Xl=  (Gi>-1  IMAS  Y1*X1  +  MBS  Nl^NIGSIS 

IF  ABS(Nl)  GTR  MBS  GO  NEXTS  WRITE! SSANS.FMT IS  RETURN  ENOS 

SUBROUTINE  SETS  BEGIN  XA=!G1-1)MAS  YA*XA+MBS  XB«(G2-1)MAS  YB-XB+MBS 
XO=!H-l)MA$  YD=XD+MB$  NA=N ! H ) =N 1 G1 ) $  NB«N(G2)S  RETURN  ENOS 

SUBROUTINE  SHIFTS  BEGIN  FOR  11  =  11. l.NAIS  BEGIN 

A1XD+I1)=A1XS+I1|S  A(YD+I1)»A!YS+I1)  ENDS  RETURN  ENDS 

SUBROUTINE  TFRS  BEGIN  ENTER  SETS  XS=XA$  YS»YAS  ENTER  SHIFTS 
RETURN  ENDS 

SUBROUTINE  INVS  BEGIN  ENTER  SETS  XS»YA$  YS»XAS  ENTER  SHIFTS 
X=XDS  Y=YDS  NS=NAS  ENTER  REORDS  RETURN  ENDS 

SUBROUTINE  ORDS  BEGIN  BS=(SLOPE!X .Y.l )  LEO  SLOPE! X.Y.NS-1 )  IS 
B6=!A!X+1I  LEO  A(X+2II  AND  NOT  B5  OR  lAlX+NS-lI  LEO  A(X+NSII 
AND  B5$  RETURN  ENDS 

SUBROUTINE  REORDS  BEGIN  ENTER  ORDS  IF  B6S  RETURNS  NT«NS/2S 
FOR  I1=!1.1.NTI$  FOR  XS=X.YS  BEGIN  T»A(XS+I1IS 

AIXS+1 1  )=A(XS+NS-Il  +  nS  A(XS+NS-I1+1)«T  ENDS  RETURN  ENDS 

SUBROUTINE  SIMPLIFYS  BEGIN  Ml»l$  M2»2S  FOR  M3»(3»1.M4IS  BEGIN 

T1=A!X+M3)-AIX+M1 IS  T2«A 1 Y+M3 ) -A ( Y+Ml I S  T3«T 1 .T 1+T2. T2+0 .0001 S 
IF  ABSl A1X+M2 ) .T2-A1Y+M2 I . T 1 +A ! X+M3 I . A ( Y+Ml I -A ( X+Ml I .A! Y+M3I I/T3 
GTR  EPS2S  !M1=M2$  M2»M2+1)S 

IF  M2  NEQ  M3S  BEGIN  A ( X+M2 ) =A ( X+M3 I S  A ( Y+M2 I *A ( Y+M3 I  END  ENOS 
N!H)=M2S  RETURN  ENDS 

SUBROUTINE  «00$  BEGIN  ENTER  SETS  OP=0$  B6*B7*1$  ENTER  ASMS 
ENTER  REORDS  RETURN  ENDS 

SUBROUTINE  SUBS  BEGIN  ENTER  SETS  0P=1S  B6*B7«1$  ENTER  ASMS 
ENTER  REORDS  RETURN  ENDS 

SUBROUTINE  MULi  BEGIN  ENTER  SETS  OP=2S  X=YBS  Y=YB*XBS  XB»XS  B7=1S 
NS=NBS  ENTER  ORDS  ENTER  ASMS  ENTER  REORDS  RETURN  ENDS 
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SUBROUTINE  COMPS  BEGIN  H»19$  ENTER  SUBS 

IF  N<19)  GTR  3$  GO  COMPIS  IF  ABS(A(YD+1))  LSS  EPS3S 
IF  ABS(A{YD+2))  LSS  EPS3S 

IF  {N(19)  EQL  2)  OR  (ABS(A(YD+3n  LSS  EPS3)S  BEGIN 
WR1TE(SSHDG3)S  RC0MP«1S  RETURN  ENOS 
COMP1..BCOMP*OS  RETURN  ENDS 

SUBROUTINE  ASMS  BEGIN 
COMMENT  SELECT  MODE  $ 

B1=(A(XA+1)  LEO  A(XA+2»)S  B2= ( A ( XA+NA-1 )  GTR  A(XA+NA))S 

B3-(  A(XB-t-l )  LEO  A(XB-t-2))S  B4>  ( A  (  XB-<-NB-l)  GTR  A(XB4-NB))S 

IF  NOT  B6S  (BT£»B3S  B3=B4S  B4*BTE)S 
IF  NOT  B7S  (BTEsBlS  B1*B2S  B2«BTE)S 

NORM*Bl  AND  B3S  IF  NOT  NORM  AND  (B2  OR  B4)S  GO  REJECTS 
REVK«(B3  AND  NOT  Bl I  EQIV  B6S  REVJ»(B1  AND  NOT  B3 )  EOIV  B7S 
DJ«OKaJ»K»lS  JP=KP=2S  IF  REVJS  (J»NAS  DJ  —  IS  JP«NA-1)S 
IF  REVXS  (K»NBS  OK  =  -l$  KP*NB-nS  L  =  1S  FIRST-IS  LAST-OS 
COMMENT  COMPARE  BREAKPOINTS  S 

COMPARE.. IF  ABS( A(XA+J)-A(XB+K) )  LSS  EPSIS  GO  ADDBOTHS 
IF  BF(A(XA-»-J)  tA(XB-t-K)  )S  GO  ADDJS  GO  ADDKS 
ADOJ..YaP»(A(YB+K)-A(YB+KP) ) ( A( XA+J )-A( XB+KP ) ) / ( A ( XB+K I-A ( XB+KP ) ) 
•^A(YB<^KP)S  SWITCH  OP.  (  SUBJ.MULJIS  A  (  YD-t-L ) -YBP+A  ( YA4>J )  S 
A13..A(XO-«-L)-A(XA-«-J)S 

13..  1.  FIRSTS  GO  IIS  IF  LASTS  GO  IBS  JP-JS  J-J+DJS 

IF  BF(A(XA+JP).A(XA  +  J)  )S  GO  12S  DK— DKS  KP-KS  K-K+OKS 
MOCH..NORM-  NOT  NORMS  GO  12S 

ADDK..YAP-(A( YA+J)-A(YA+JP) ) ( A ( XR+K ) -A ( XA+JP ) ) / ( A ( XA+ J ) -A ( XA+JP ) J 
+A(YA+JP)S  SWITCH  OP .  (  SUBK »MULK  > S  A ( YD+L ) -YAP+A ( YB+IC> S 
A14t.A(XD-«-L)-A(XB4-K)S 

14..  1.  FIRSTS  GO  IIS  IF  LASTS  GO  IBS  KP-KS  K-K+DKS 

IF  BF(A(XB+KP).A(XB+KnS  60  12S  DJ— DJS  JP-JS  J-J-fOJS  60  MDCHS 
ADOBOTH.. SWITCH  OP.  (  SUBBOTH.MULBOTH )  S  A(  YO-^L  ) -A (  YA4J ) <t>A(  YB-^K  )S 
A11..A(XD>L)«A(XA4-J)S 

11..  FIRST-OS  IF  LASTS  GO  IBS  JP-JS  KP-KS  J-J+DJS  K-K+DKS 
COMMENT  TEST  FOR  CORNER  POINTS  S 

CORNJ-BF(A(XA-»-J)  .A(XA4-JP|  )S  CORNK-BF ( A ( XB-fK )  .AUB-t-KP)  )S 
IF  CORNJ  AND  CORNKS  GO  MDCHS 
IF  CORNJS  (K-K-20KS  OK— OKS  GO  MOCH)S 
IF  CORNKS  (J-J-20JS  OJ— OJS  GO  MDCHJS 

12.. L-L’*'1S  IF  L  GTR  MBS  GO  LR6S 
COMMENT  CHECK  END  CONDITIONS  S 

ENOJ-(J  EOL  1)  OR  (J  EQL  NA)S  ENDK>(K  EQL  1)  OR  (K  EQL  NB)S 
IF  ENDJ  AND  ENDKS  (LAST- IS  NORM-NOT  NORMS  60  COMPARE  IS 
IF  ENOJS  GO  ADDKS  IF  ENDKS  GO  ADDJS  GO  COMPARES 

15.. X-X0S  Y-YOS  M4-LS  ENTER  SIMPLIFYS  NS-M2S  RETURNS 

MULJ. .A(XO+L)-YBPS  A ( YD+L ) -A C YA+J I S  GO  13S 

MULK. .A(YD+L )-YAPS  A ( XO+L ) -A C YB+K ) S  GO  14S 
MULBOTH..A(XD+LI-A(YB+K)S  A ( YO+L ) -A( YA+J ) S  GO  IIS 

SUBJ. .A(VO+L )-A(YA+J)-YBPS  GO  A13S 

SUBK. .A(YD+L)-YAP-A(YB+K)S  GO  A14S 
SUBB0TH..A(YD4L)»A{YA+J)-A( YB+KIS  GO  AllS 
REJECT..  WRITE(SSHOGnS 

16.. X1-XAS  Yl-YAS  Nl-NAS  WRI TE( SSANS.FMT ) S 

Xl-XBS  Yl-YBS  Nl-NBS  WRITE! SSANS.FMT ) S  GO  NEXTS 
LRG..  WRITE(SSH0C2)S  GO  16  ENDS 


176 


SUBROUTINE  ABCS  BEGIN 

B8-0S  GT1«G1S  GT2«G2S  GT3«G3$  HT«H$ 

COMMENT  COMPUTE  ARRAY  LOCATIONS  S 

18.. AX«(G1-1)MA$  AY«AX+MB$  BX«IG2-1)MA$  BY»BX+MB$ 

NB*N(G1)S  NA«N(G2)$  CX«(G3-1)MAS  CY-CX+MBS  NC»N(G3>“1$ 
DX*(H-1)MA$  DY»DX+MR$ 

XA=17MA$  YA=BX$  XB=XA+MB$  YB»AX$  XD»18MA$  YD«XD+MB$ 

0L=O$  1=0$  M=l$  0P«2$ 

72.. 1.  BL$  GO  23$  1=1+1$  BL»(I  EOL  NC)$ 

COMMENT  COMPUTE  ITH  PARTIAL  ANSWER  S 

19.. Q1  =  A(CX+I  )$  Q2=A(CX+I+H$  RC»SLOPE  ( CX  »CY  »  I  )  $  YC=A  (  CY+ 1  )-RC.Ql$ 
FOR  J=(1*1.NB)S  A(XB+J)«A(AY+J)-YC-RC.A(AX+J)$ 

FOR  K=(1.1.NA)$  A(XA+IC)»A(BY+K)-RC.A(BX+K)$ 

X=XA$  Y=YA$  NS*NA$  ENTER  ORD$  B7=B6$ 

X*XB$  Y=YB$  NS»NB$  ENTER  ORD$  ENTER  ASMS 
FOR  J*(1*1.NS)S  A(XD+J)*A(XD+J)-A( YD+J)S 
X«XDS  Y«YDS  ENTER  REORDS 

COMMENT  MOVE  ENDPOINTS  OUT  S 

IF  A(XD+1)  GTR  Q2-EPS4S  BEGIN 

A(XD+1)=2.0A(XD+1)-A(XD+2)S  A ( YD+l) ■2.0A( YD+1 ) -A ( YD+2 )  ENOS 
IF  A{XO+NS)  LSS  Q2+EPS4S  BEGIN 

A ( XD+NS ) =2 . OA ( XO+NS ) -A ( XD+NS-1 ) S 
A( YD+NS )»2.0A{YD+NS>-A« YD+NS-1 )  ENDS 
COMMENT  SELECT  SECTIONS  FOR  ANSWER  S 
J=l$  LAST=0$  IF  I  EOL  IS  GO  21S 

20. . 1.  A(XD+J)  LSS  Q1-EPS4$  (J*J+1S  GO  20)S  IF  NOT  BLS  GO  2i)S 

21 .. A( OX+M )=A ( XD+J)$  A(DY+M) *A( YD+J)S 

24.. M=M+1$  IF  M  GTR  MBS  GO  LRGS 
J=J+1$  IF  J  GTR  NS$  GO  22$ 

IF  LASTS  GO  22$  IF  BLS  GO  21$ 

25. . 1.  ARS(A(XD+J)-02)  LSS  EPS4$  (LAST»1S  GO  2l)S 
IF  Aixn+J)  LSS  02$  GO  21$ 

A(0X  +  M)=02$  A(DY+M)»SL0PE(XD»YD»J-1  ).(02-AIX[>+J-l )  )+AIYD+J-l  )S 
LAST=1$  GO  24$ 

23.. M4=M-1S  X=DX$  Y=DY$  ENTER  SIMPLIFYS 
IF  B8$  (G1=H$  H=HT$  ENTER  INV)$ 

COMME  NT  CHECK  ANSWER  $ 

G1=HT$  H=19S  ENTER  ADDIS  G1=GT1$  G2-19S  H-18S  ENTER  MULS 

';1=GT2$  G2=HT$  H»19$  ENTER  MULS  G1-18S  G2-19S  H-17S  ENTER  SUBS 

TtPS2=EP52$  TEPS3=EPS3$  EPS2=EPS3»0.001S 

'i:  =  17$  G2  =  GT3$  ENTER  COMPS  EPS2  =  TEPS2S  EPS3«TEPS3S 

IF  RCOMPS  Rf-TURNS  G5  =  HT$  ENTER  PRT$ 

:F  RSS  BFGI\  WRITE! SSHDGl )$  GO  NEXT  ENDS 
^fi=is  g:=GT1$  G2=GT3$  G3=GT2$  H=17$  GO  18  ENDS 

yjRROUTINE  ADDIS  BEGIN  ENTER  SFTS  FOR  J1»(1»1»NA)S  BEGIN 

A  (  XD  +  jn  =  A  (  XA*J1  )$  a(yD+J1  )=A(XA  +  Jn+A(YA+Jl)  ENDS  RETURN  ENOS 

r.'JR-’OUTINE  SGBIi  r^tCIN  !.NTt«  SETS  FOR  J1  =  (1.1.NA)S  BEGIN 

A(  XO+Jl  )=A  (  XA  +  JHS  A(YD  +  jn=A(YA  +  Jl)-A(XA+Jl)  ENDS  RETURN  ENDS 

COWWLNT  MAIN  PROGRAM  STARTj  HERE.  SELECT  PROBLEM  TO  BE  SOLVED  S 
NFXT..PRyB=PROb+lS  SWITCH  PROB» ( PI .P2 tP3  )S 
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Burllntton,  Haaaaohuaatta 
1  Attni  Kaimath  Rudaon 

Hlaroaava  naetronloa  Corp. 
Falo  Alto.  California 
1  Attni  Stanlay  F.  Kalaol 
1  Attni  H.C.  Lone 

NlnnaapolU-Honmall  Rag. Co. 

1  Rlvarla  Baaoh,  Florida 

Mltra  Corporation 
Badford,  MaaaabuaatM 
1  Attni  Mra,  Conatanoa  Wlllla 

Nanaanto  Raaaareh  Corporation 
St.  Loala  66,  No. 

1  Attni  Maard  orban.  Mgr. 

Inorganle  Dar't 


Wowaawta  Raaaaroh  Carp. 

Dayton  7.  Ohio 

1  Attni  Rra.  Dorothy  Crabtraa 

Motorola,  Ino. 

Rlvaralda,  Oallfonila 
1  Attni  Bator  Booook 

Nortronloa  Tboh.  Info.  Agoy 
1  Haathoma,  California 

Faelflo  Saaloonduotora,  Ino. 
Laandala,  California 
1  Attni  H.Q.  Rorth 

Fhlloo  Corp. 

Fhlladalphla  3t,  la. 

1  Attni  F.R.  Shaimn,  Mgr.  Bd. 

Ihlloo  Taoh.Rap.  Dlv. 
■nXRIH 

Ihlloo  Corp. 

Ihiladalphla  3t,  la. 

1  Attni  W.  T.  Swaarlln,  Mgr. 
Rallablllty  Ate. 

nilleo  Corp. 

Blaa  Ball,  la. 

1  Attni  C.T.  HoOoy 
1  Attni  Dr.  Baltealar 

RCA  Laboratorlaa 
Frlneaton,  Haa  Jaraay 
1  Attni  Haralok  Jehnaon 


Raythaon  Nanufaaturlag  Co. 
Burllngten,  Naaaaalnitatta 
1  Attni  Librarian 

Raythaon  NBaifaeturliig  oo. 
ulthte,  Naaaaehaaotta 
1  Attni  Dr.  Maiwn  Stati 
1  Attni  Librarian 

Rogar  Mhlta  Blaetron  Dav.,  Ino 
1  Sttaford,  Conn. 

Sandla  Corporation 
AlbiMprargua.  Maa  Nazloo 
1  Attni  Rra.  B.R.  Allan.  Lib. 

Sparry  Cyroaoepa  Oo. 

1  Attni  Laonard  Stem,  (ie3TlC5 

Sparry  Haotran  Tuba  Dlv. 

1  Oalnaavllla,  Florida 

Sparry  Hlereaaaa  Blaotronloa 
Claaraatar,  Fla. 

1  Attni  John  B.  Flppln 

Sr.  Raaaareh  Bngr. 


Sparry  Oyroaaopa  Ceaptny 
craat  Raok.  L.t.,  Ra*  Tork 
1  Attni  K.  Bamay.fcgr.Dapt.Hd. 

Sylvanla  Blaotrlo  Froduota.Ino 
Bayalda,  L.I.,  Haw  Tork 
1  Attni  Louia  R.  Blooa 


1  Mountain 


lli«  Cff 
Ln  Tlau, 


Cffloar 


California 


Sylvanla  nootronlaa  Syataaa 
MBithte  3<»,  Naaaaohaaatu 
1  Attni  Llbrarlte 

Taahnlaal  Baaaarah  Croup 
1  Syoaaat,  L.I.,  Raw  York 

Tazaa  inatrunanu,  mo. 

1  Dallaa,  fazaa 

1  Attni  N.B.  Chun 

2  Attni  Dr.  W.  Adeook 

1  Attni  Saalaonduotor  Conp.DlT. 
1  Attni  Dr.  R.L.  mttfiard 
1  Attni  taoh.  mfo.  Sarvloaa 

Toatronla,  Ino. 

Baavarton,  Crogon 
1  Attni  faohnloal  Library 

Vhrlan  AaaooUtaa 
iBlo  Alto,  CallfomU 
1  Attni  Taehnloal  Library 

Vaatli«hauao  nao.  Corp. 
Baltlvra  3,  Maryland 
1  Attni  0.  Roaa  Kllgora 

Vaotlnghouaa  Uao.  Corp. 
iKttaburgh  SB,  Fa. 

1  Attni  Dr.  C.C.  Salklal 

Zanlth  Radio  Corporation 
Chloago  39,  Illlnola 
1  Attni  Jeaaph  Raikln 

Oanaral  noetrle  Ooapany 
Sehanaatady,  Maw  ToA 
1  Attni  R.L.  Shuoy,  %r. 

Info.  Studlaa  Saotlo 


RCA 

Wobum,  Maaaaohuaatta 
1  Attni  Library 

Tha  Rand  Corporation 
Santa  Monlea,  Oallfomla 
1  Attni  NHPBRPt  AMSatPen.Llb. 


